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1 Introduction
Supergravity in three space-time dimensions was introduced as early as 1977 [1, 2]. Its
simplest version with two supercharges (N = 1) and the corresponding matter couplings
became a textbook subject by 1983 [3]. In the mid-1980s, topologically massive N -
extended supergravity theories were constructed [4, 5, 6, 7, 8] in which supersymmetric
Lorentz Chern-Simons terms were interpreted as extended conformal supergravity. More
recently, (gauged) nonlinear sigma-models withN local supersymmetries were constructed
in the on-shell component approach [9, 10]. The on-shell approach was also used in [11, 12]
to constructN = 6 andN = 8 conformal supergravities and their couplings to ABJM type
theories and BLG M2-branes respectively. Surprisingly, to the best of our knowledge, no
results have appeared on general off-shell supergravity-matter couplings in the interesting
cases N = 3 and N = 4. It is clear that such results should be based on appropriate
superspace techniques, and the latter have not yet been developed. The present paper is
aimed at filling the existing gap.
Recently, there have appeared exciting results on massive 3D supergravity [13, 14, 15]
which is a supersymmetric extension of the so-called new massive 3D gravity [16]. A
unique feature of this approach is that the (super)gravity action is a parity-preserving
higher-derivative variant of 3D (super)gravity which respects unitarity. So far only the
N = 1 massive supergravity version has been fully elaborated [14], and linearized results
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are available, e.g., in the N = 4 case [15]. To go beyond the linearized approximation, one
option is to develop, as mentioned in [15], an N -extended superconformal tensor calculus.
We believe, however, that developing superspace techniques may lead to a more adequate
setting, at least in the cases N ≤ 4.
As regards the cases N = 3 and N = 4, our approach is a natural generalization
of the off-shell formulations for general supergravity-matter theories with eight super-
charges in five [17, 18] and four [19, 20, 21] dimensions.1 These formulations build in
part on the techniques from projective superspace which were originally developed for
extended Poincare´ supersymmetry in [23, 24, 25] (see also [26] for a review).2 The matter
couplings in [17, 18, 19, 20, 21] are described in terms of the so-called covariant projective
multiplets which are curved-superspace extensions of the superconformal projective mul-
tiplets introduced for the first time in [28, 29].3 This is in accord with the general principle
that matter couplings in Poincare´ supergravity can equivalently be described as confor-
mal supergravity coupled to superconformal matter [30, 31, 32]. In three dimensions,
therefore, a first step toward developing superspace settings for N = 3, 4 supergravity
theories should consist in a construction of superconformal projective multiplets and their
self-couplings. This has recently been achieved as part of more general results on off-shell
3D N ≤ 4 rigid superconformal sigma-models [33].
Projective superspace [23, 24, 25] is less well known than harmonic superspace [34, 35].
For any number of space-time dimensions in which they exist, D ≤ 6, the projective and
the harmonic superspace approaches use the same supermanifold. For instance, in the
case of 4D N = 2 supersymmetry, they make use of the isotwistor superspace R4|8×CP 1
introduced originally by Rosly [36]. The relationship between the rigid harmonic and
projective superspace formulations is spelled out in [37] (see also [38] for a recent re-
view). Essentially, they differ in (i) the structure of off-shell supermultiplets used; and
(ii) the supersymmetric action principle chosen. This makes the two approaches rather
complementary. As emphasized in [17, 18, 19, 21], the difference deepens in the con-
text of supergravity. Projective superspace is suitable for developing covariant geomet-
ric formulations for supergravity-matter systems [17, 18, 19, 21], similar to the famous
Wess-Zumino approach for 4D N = 1 supergravity [39, 40]. Harmonic superspace offers
prepotential formulations [41, 35], similar to the Ogievetsky-Sokatchev approach to 4D
N = 1 supergravity [42].
1Similar ideas have been developed in two dimensions [22].
2The term “projective superspace” was coined in 1990 [25]. The modern projective-superspace termi-
nology was introduced in 1998 [27].
3General superconformal couplings of projective multiplets has also been given in [28, 29].
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In the case of 3D rigid supersymmetry, N = 3 and N = 4 harmonic superspaces were
introduced by Zupnik [43, 44, 45, 46]. This approach was used, in particular, to describe
ABJM models in N = 3 harmonic superspace [47]. No harmonic superspace formulation
for supergravity in three dimensions has yet been constructed. Three-dimensional N =
3 and N = 4 projective superspace approaches have recently been developed [33] to
describe general superconformal field theories. It should be mentioned that the 3D N = 4
projective superspace R3|8 × CP 1 was introduced by Lindstro¨m and Rocˇek in 1988 [24]
as a direct generalization of their four-dimensional construction [23]. It follows from the
analysis in [33] that two mirror copies of CP 1 are required to provide a natural superspace
setting for general off-shell N = 4 supermultiplets.
In this paper, the 3D N ≤ 4 supergravity-matter couplings are formulated in terms
of superspace and superfields. The issue of component reduction will be addressed in a
separate publication.
This paper is organized as follows. In section 2 we develop the superspace geometry
of N -extended conformal supergravity in three space-time dimensions. Matter couplings
in supergravity theories with N = 1, 2, 3 and 4 are studied, on a case-by-case basis, in
sections 3 to 6. Our final comments and conclusions are given in section 7. The main
body of the paper is accompanied by two appendices. Our 3D notation and conventions
are collected in Appendix A. Appendix B is devoted to the derivation of the left projection
operator.
2 Geometry of N -extended conformal supergravity
In this section we develop a formalism of differential geometry in a curved three-
dimensional N -extended superspace, which is locally parametrized by real bosonic (xm)
and real fermionic (θµ
I
) coordinates
zM = (xm, θµ
I
) , m = 0, 1, 2 , µ = 1, 2 , I = 1, · · · ,N , (2.1)
that is suitable to describe N -extended conformal supergravity. A natural condition upon
such a geometry is that it should reduce to that of N -extended Minkowski superspace
R3|2N in a flat limit. We recall that the spinor covariant derivatives DIα associated with
Minkowski superspace satisfy the anti-commutation relations
{DIα, DJβ} = 2i δIJ(γc)αβ ∂c . (2.2)
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An explicit realization of DIα is
DIα =
∂
∂θαI
+ i (σb)αβ θ
β
I ∂b . (2.3)
As usual, there is no need to distinguish between upper and lower SO(N ) vector indices.
As compared to the 4D supersymmetry, the three-dimensional case has an important
specific feature which is due to the fact that 3D spinors are real. This feature is the
conjugations rule: given a superfield F of Grassmann parity ǫ(F ), it holds that
(DIαF )
∗ = −(−)ǫ(F )DIαF¯ , (2.4)
with F¯ := (F )∗ the complex conjugate of F .
2.1 The algebra of covariant derivatives
We choose the structure group to be SL(2,R)× SO(N ), and denote byMab = −Mba
and NIJ = −NJI the corresponding generators. The covariant derivatives have the form:
DA ≡ (Da,DIα) = EA + ΩA + ΦA . (2.5)
Here EA = EA
M(z)∂M is the supervielbein, with ∂M = ∂/∂z
M ,
ΩA =
1
2
ΩA
bcMbc = −ΩAbMb = 1
2
ΩA
βγMβγ , Mab = −Mba , Mαβ =Mβα (2.6)
is the Lorentz connection, and
ΦA =
1
2
ΦA
KLNKL , NKL = −NLK (2.7)
is the SO(N )-connection. The Lorentz generators with two vector indices (Mab), with
one vector index (Ma) and with two spinor indices (Mαβ) are related to each other by
the rules: Ma = 12εabcMbc andMαβ = (γa)αβMa (for more details see Appendix A). The
generators of SL(2,R)×SO(N ) act on the covariant derivatives as follows:4
[Mab,DIα] = 12εabc(γc)αβDIβ , [Ma,DIα] = −12(γa)αβDIβ , (2.8a)[Mαβ,DIγ] = εγ(αDIβ) , [Mab,Dc] = 2ηc[aDb] , [Ma,Db] = εabcDc , (2.8b)[NKL,DIα] = 2δI[KDαL] , [NKL,Da] = 0 . (2.8c)
4The operation of (anti)symmetrization of n indices is defined to involve a factor of (n!)−1.
5
The supergravity gauge group is generated by local transformations of the form
δKDA = [K,DA] , K = KC(z)DC + 1
2
Kcd(z)Mcd + 1
2
KPQ(z)NPQ , (2.9)
with all the gauge parameters obeying natural reality conditions but otherwise arbitrary.
Given a tensor superfield T (z), it transforms as follows:
δKT = KT . (2.10)
The covariant derivatives satisfy the (anti)commutation relations
[DA,DB} = TABCDC + 1
2
RAB
KLNKL + 1
2
RAB
cdMcd , (2.11)
with TAB
C the torsion, RAB
cd the Lorentz curvature and RAB
KL the SO(N ) curvature.
The torsion and the curvature are related to each other by the Bianchi identities:∑
[ABC)
[DA, [DB,DC}} = 0 . (2.12)
To describe conformal supergravity, we impose conventional constraints on the torsion.
They are:
T Iα
J
β
c = 2iδIJ(γc)αβ , (dimension 0) (2.13a)
T Iα
J
β
γ
K = 0 , T
I
α b
c = 0 , (dimension 1/2) (2.13b)
Tab
c = 0 , εβγTa
[J
β
K]
γ = 0 . (dimension 1) (2.13c)
We emphasize that for any N the torsion has no dimension-1/2 components (this differs
from Howe’s formulation for 4D N -extended conformal supergravity [49]). The above
constraints have been introduced in [48]. However, no explicit solution to the Bianchi
identities has been given in [48]. Solutions to some of the Bianchi identities are implicit
in the results of [48].
Under the conventional constraints (2.13a)–(2.13c), the solution to the Bianchi iden-
tities is given by the following algebra of covariant derivatives5:
{DIα,DJβ} = 2iδIJ(γc)αβDc − 2iεαβCγδIJMγδ − 4iSIJMαβ
+
(
iεαβX
IJKL − 4iεαβSK [IδJ ]L + iCαβKLδIJ − 4iCαβK(IδJ)L
)
NKL , (2.14a)
[Dαβ,DKγ ] = −
(
εγ(αCβ)δ
KL + εδ(αCβ)γ
KL + 2εγ(αεβ)δS
KL
)
DδL
+
1
2
Rαβ
K
γ δρMδρ +
1
2
Rαβ
K
γ
PQNPQ . (2.14b)
5The results are presented to dimension-3/2 in the torsion and curvature. We plan to give a complete
solution to the Bianchi identities elsewhere.
6
Here all the dimension-1 components are real and satisfy the symmetry properties
XIJKL = X [IJKL] , SIJ = S(IJ) , Ca
IJ = Ca
[IJ ] . (2.15)
The torsion superfield of SIJ can be decomposed into its trace and traceless parts as
SIJ = SδIJ + SIJ , S = 1N δIJS
IJ , δIJSIJ = 0 . (2.16)
The dimension-3/2 components of the torsion and the curvature are
Tab
γ
K =
1
2
εabc(γ
c)αβεγδTαβ
K
δ ,
Tαβ
K
γ = iCαβγ
K − 4i
3
εγ(α(DKβ)S)−
4(N − 1)i
3N εγ(αSβ)
K , (2.17a)
Rαβ
K
γ δρ = 4εγ(αCβ)δρ
K +
16
3
εγ(δερ)(α(DKβ)S)−
4
3
εα(δερ)β(DKγ S)
+
16(N − 1)
3N εγ(δερ)(αSβ)
K − 4(N − 1)
3N εα(δερ)βSγ
K , (2.17b)
Rαβ
K
γ
PQ =
2
3
εγ(α
(
− 2Cβ)KPQ + 3Tβ)PQK + 8(D[Pβ)S)δQ]K +
(5N − 8)
N Sβ)
[P δQ]K
)
+Cαβγ
KPQ + 2Cαβγ
[P δQ]K . (2.17c)
The superfields Cαβγ
KPQ, Cαβγ
K , TαKPQ,SαK are defined through the differential con-
straints satisfied by the dimension-1 torsion and curvature superfields. At dimension-3/2
the Bianchi identities imply
DIαSJK = 2TαI(JK) + Sα(JδK)I −
1
N Sα
IδJK , (2.18a)
DIαCβγJK =
2
3
εα(β
(
Cγ)
IJK + 3Tγ)JKI + 4(D[Jγ)S)δK]I +
(N − 4)
N Sγ)
[JδK]I
)
+Cαβγ
IJK − 2Cαβγ [JδK]I , (2.18b)
DIαXJKLP = XαIJKLP − 4Cα[JKLδP ]I . (2.18c)
The symmetry properties of the superfields TαIJK , CαβγIJK , CαβγI , XαIJKPQ are
TαIJK = Tα[IJ ]K , δJKTαIJK = Tα[IJK] = 0 , (2.19a)
Cαβγ
IJK = C(αβγ)
IJK = Cαβγ
[IJK] , Cαβγ
I = C(αβγ)
I , (2.19b)
Cα
IJK = Cα
[IJK] , Xα
IJKPQ = Xα
[IJKPQ] . (2.19c)
A remarkable result in superfield supergravity is Dragon’s theorem [50] which states that
the curvature is completely determined by the torsion. More precisely, this result concerns
the Lorentz curvature and it does not necessarily apply to the curvature associated with
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the R-symmetry subgroup of the structure group. This is exactly what happens in three
dimensions for N ≥ 4. The antisymmetric tensor XIJKL appears only in the SO(N )
curvature but not as a component of the torsion.
In this paper we will often use the well-known rule for integration by parts in super-
space: given a vector superfield V = V ADA, it holds that∫
d3x d2N θ E (−1)εA
{
DAV A − (−1)εBTABB V A
}
= 0 , E−1 = Ber(EAM) . (2.20)
In particular, the fact that the torsion has no dimension-1/2 components implies the
following useful result: ∫
d3x d2N θ EDIαV αI = 0 . (2.21)
2.2 Super-Weyl transformations
The constraints (2.13a)–(2.13c) can be shown to be invariant under arbitrary super-
Weyl transformations of the form
δσDIα =
1
2
σDIα + (DβIσ)Mαβ + (DαJσ)N IJ , (2.22a)
δσDa = σDa + i
2
(γa)
γδ(DKγ σ)DδK + εabc(Dbσ)Mc
+
i
16
(γa)
γδ([DKγ ,DLδ ]σ)NKL , (2.22b)
where σ is a real unconstrained superfield. This leads to
δσS
IJ = σSIJ − i
8
([Dγ(I ,DJ)γ ]σ) , (2.22c)
δσCa
IJ = σCa
IJ − i
8
(γa)
γδ([D[Iγ ,DJ ]δ ]σ) , (2.22d)
δσX
IJKL = σXIJKL . (2.22e)
This invariance is essential for the geometry under consideration to describe conformal
supergravity.
2.3 Coupling to a vector multiplet
We now couple the multiplet of conformal supergravity to an Abelian N -extended
vector multiplet V = dzMVM = E
AVA, with VA := EA
MVM . For this we modify the
covariant derivatives as
DA −→ DA := DA + VAZ , [Z,DA] = 0 , (2.23)
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with VA(z) the gauge connection associated with a generator Z.
6 The gauge transforma-
tion of VA is
δVA = −DAτ , (2.24)
with τ(z) an arbitrary scalar superfield.
The algebra of covariant derivatives is
[DA,DB} = TABCDC + 1
2
RAB
cdMcd + 1
2
RAB
KLNKL + FABZ . (2.25)
Here FAB is the gauge-invariant field strength, and the torsion and curvatures are the
same as above. The field strength satisfies the Bianchi identities∑
[ABC)
(DAFBC − TABDFDC) = 0 . (2.26)
To describe an irreducible vector multiplet, we have to impose covariant constraints on
FAB. Their structure is different for N = 1 and for N > 1.
In the N = 1 case, one imposes the covariant constraint [51]
Fαβ = 0 . (2.27)
Then, from the Bianchi identities one gets
Faβ = −1
2
(γa)β
γWγ , (2.28a)
Fab =
i
4
εabc(γ
c)γδDγWδ , (2.28b)
together with the dimension-2 differential constraint on the spinor field strength
DαWα = 0 . (2.29)
For N > 1 one imposes the following dimension-1 covariant constraint [52, 53, 43]
F Iα
J
β = 2iεαβW
IJ , W IJ = −W JI (2.30)
which is a natural generalization of the 4D N > 1 constraints [54, 55]. The Bianchi
identities are solved by the following expressions for the field strengths
Fa
I
α = −
1
(N − 1)(γa)α
βDβJW IJ , (2.31a)
Fab =
i
4N (N − 1)εabc(γ
c)ρτ [DKρ ,DLτ ]WKL +
2
N εabcC
cKLWKL . (2.31b)
6For N > 1, one can interpret Z as a central charge.
9
The case N = 2 is special in the sense that the field strength W IJ and the torsion
CcKL are proportional to the antisymmetric tensor εIJ (normalized as ε12 = 1),
W IJ = εIJG , CcKL = εKLCc . (2.32)
As a result, the components of FAB become
F Iα
J
β = 2iεαβε
IJG , (2.33a)
Fa
J
β = −εJK(γa)βγDγKG , (2.33b)
Fab = εabc
( i
4
(γc)γδεKLDγKDδL + 2Cc
)
G . (2.33c)
Further analysis of the Bianchi identities shows that G obeys the dimension-2 constraint(
εK(IDγJ)DγK − 4iεK(ISKJ)
)
G = 0 . (2.34)
Unlike eq. (2.34), in the case N > 2 the field strength W IJ is constrained by the
dimension-3/2 Bianchi identity
DIγW JK = D[Iγ W JK] −
1
(N − 1)
(
δIJDγLWKL − δIKDγLW JL
)
. (2.35)
This constraint can be shown to define an on-shell multiplet for N > 4.
The concept of super-Weyl transformations introduced in subsection 2.2 can be ex-
tended to the gauge-covariant derivatives (2.23). The key observation is that the one-form
V = dzMVM is invariant under the super-Weyl transformation, and this determines the
super-Weyl transformation law of VA defined by V = E
AVA. After that one can read of
the transformation law of the field strength. In the case N = 1 one finds
δσWα =
3
2
σWα , (2.36)
while for N > 1 the field strength W IJ transforms as
δσW
IJ = σW IJ . (2.37)
3 Matter couplings in N = 1 supergravity
The geometry of 3D N = 1 supergravity and its matter couplings have been studied
in the literature [1, 2, 3, 6, 56, 53, 57]. Here the structure group coincides with the 3D
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Lorentz group. The algebra of covariant derivatives becomes
{Dα,Dβ} = 2iDαβ − 4iSMαβ , (3.1a)
[Dαβ,Dγ] = −2Sεγ(αDβ) + 2εγ(αCβ)δρMδρ + 2
3
(
(DγS)Mαβ − 4(D(αS)Mβ)γ
)
, (3.1b)
[Da,Db] = 1
2
εabc(γ
c)αβ
{
− iCαβγDγ − 4i
3
(DαS)Dβ + iD(αCβγδ)Mγδ
−
(2i
3
(D2S) + 4S2
)
Mαβ
}
. (3.1c)
The torsion and the curvature are expressed in terms of a dimension-1 scalar S and a
dimension-3/2 totally symmetric spinor Cαβγ = C(αβγ), in complete agreement with, e.g.,
[3]. They obey the constraint
DαCβγδ = D(αCβγδ) − iεα(βDγδ)S . (3.2)
As is seen from (3.1a), the vector derivative can be re-defined by Dαβ → Dαβ − 2SMαβ
such that the relation (3.1a) takes the same form as in flat superspace [3].
The super-Weyl transformation of the covariant derivatives, given e.g. in [53, 58], is
δσDα = 1
2
σDα + (Dβσ)Mαβ , (3.3a)
δσDa = σDa + i
2
(γa)
γδ(Dγσ)Dδ + εabc(Dbσ)Mc . (3.3b)
The induced transformation of the torsion is:
δσS = σS − i
4
DγDγσ , (3.4a)
δσCαβγ =
3
2
σCαβγ − 1
2
D(αβDγ)σ . (3.4b)
With the technical tools presented, it is easy to derive a locally supersymmetric and
super-Weyl invariant action principle. It is constructed in terms of a purely imaginary
Lagrangian L whose super-Weyl transformation is
δσL = 2σL , (3.5)
modulo total derivatives. The action is
S =
∫
d3xd2θE L , E−1 = Ber(EAM) , (L)∗ = −L . (3.6)
It is super-Weyl invariant since δσE = −2σE.
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Let us construct a nonlinear sigma-model coupled to N = 1 conformal supergravity.
Its dynamics will be described by real scalar superfields ϕµ taking values in a Riemannian
manifold M. Consider the kinetic term
L0 = −1
2
gµν(ϕ)(Dαϕµ)Dαϕν , (3.7)
where gµν(ϕ) is the metric on the target space. We are looking for a Lagrangian of the
form L = L0 + . . . that transforms homogeneously as (3.5) modulo total derivatives.
Postulating the super-Weyl transformation of ϕµ
δσϕ
µ =
1
2
σχµ(ϕ) , (3.8)
for some vector field χ = χµ(ϕ)∂µ onM, we find
δσL0 = −1
2
gµν(ϕ)(Dαϕµ)(Dαϕλ)
(
∇λχν(ϕ) + δνλ
)
σ − 1
2
gµν(ϕ)(Dαϕµ)χν(Dασ) . (3.9)
In the case that σ = const, the action S0 =
∫
d3xd2θE L0 is invariant only if
∇µχν = δνµ =⇒ χµ(ϕ) = ∂µf(ϕ) , f(ϕ) :=
1
2
gµν(ϕ)χ
µ(ϕ)χν(ϕ) . (3.10)
We see that χ = χµ(ϕ)∂µ is a homothetic conformal Killing vector field such that χ
µ is the
gradient of a function over the target space. Therefore, the sigma-model target space M
is a Riemannian cone [59], as in the rigid superconformal case [33, 60]. Now, the variation
(3.9) becomes
δσL0 = 2σL0 − 1
2
(Dαf)(Dασ) = 2σL0 + 1
2
f(DαDασ)− 1
2
Dα(fDασ) . (3.11)
It remains to recall the transformation law (3.4a) as well as to notice that eq. (3.10)
implies the homogeneity condition
χµ∂µf = 2f . (3.12)
We then observe that
δσ
(
iSf(ϕ)
)
= 2σ
(
iSf(ϕ)
)
+
1
4
(DαDασ)f(ϕ) , (3.13)
and therefore
L := −1
2
gµν(ϕ)(Dαϕµ)(Dαϕν)− 2iSf(ϕ) (3.14)
is the required Lagrangian.
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The above Lagrangian can be modified by adding a potential term
L = −1
2
(
gµν(ϕ)(Dαϕµ)(Dαϕν) + 4iSf(ϕ)
)
+ iV (ϕ) . (3.15)
For the action to be super-Weyl invariant, the potential should satisfy the homogeneity
condition
χµ(ϕ)Vµ(ϕ) = 4V (ϕ) . (3.16)
In the rigid supersymmetric case, the Lagrangian (3.15) reduces to that corresponding
to the general N = 1 superconformal sigma-model [33].
In the case of a single scalar superfield ϕ, the general form for (3.15) is
L = −1
2
(
(Dαϕ)(Dαϕ) + 2iSϕ2
)
+ λiϕ4 , λ = const . (3.17)
We can choose ϕ to be a superconformal compensator, if we think of Poincare´ supergravity
as conformal supergravity coupled to the compensator. Then we should use (−L) as a
supergravity Lagrangian, and interprete λ as a cosmological constant.
4 Matter couplings in N = 2 supergravity
Three-dimensional N = 2 supergravity and its matter couplings have not been stud-
ied as thoroughly as in the N = 1 case. This is partly due to the fact that 3D N = 2
supergravity can be obtained by dimensional reduction from that with N = 1 supersym-
metry in four dimensions, and therefore much is known about the component structure
of 3D N = 2 supergravity-matter systems. However, there are several reasons to achieve
a better understanding of the superspace geometry of N = 2 supergravity, for instance,
in the context of massive 3D supergravity [13, 14, 15]
4.1 Complex basis for spinor covariant derivatives
The R-symmetry subgroup of the N = 2 superspace structure group is SO(2) ∼= U(1).
Instead of dealing with the anti-Hermitian generator NKL = −NLK of SO(2), as defined
in subsection 2.1, it is convenient to introduce a scalar Hermitian generator J defined by7
NKL = iεKLJ , J = − i
2
εPQNPQ , (4.1)
7The antisymmetric tensors εIJ = εIJ are normalized as ε
12 = ε12 = 1. The normalization of εIJ is
nonstandard as compared with the definitions given in Appendix A.
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which acts on the covariant derivatives as
[J ,DIα] = −iεIJDαJ . (4.2)
It is also convenient to switch to a complex basis for the spinor covariant derivatives,
DIα → (Dα, D¯α), in which Dα and D¯α have definite U(1) charges. We define
Dα = 1√
2
(D1α − iD2α) , D¯α = −
1√
2
(D1α + iD2α) , (4.3)
such that
[J ,Dα] = Dα , [J , D¯α] = −D¯α . (4.4)
The SO(2) connection and the corresponding curvature take the form
1
2
ΦA
KLNKL = iΦAJ , 1
2
RAB
KLNKL = iRABJ . (4.5)
Given a complex superfield F and its complex conjugate F¯ := (F )∗, the following rule for
complex conjugation holds
(DαF )∗ = (−1)ε(F )D¯αF¯ , (4.6)
which can be compared with (2.4).
In the (D, D¯) basis introduced, the supergravity algebra (2.14a) and (2.14b) takes the
form
{Dα,Dβ} = −4R¯Mαβ , {D¯α, D¯β} = 4RMαβ , (4.7a)
{Dα, D¯β} = −2iDαβ − 2CαβJ − 4iεαβSJ + 4iSMαβ − 2εαβCγδMγδ , (4.7b)
[Dαβ ,Dγ] = −iεγ(αCβ)δDδ + iCγ(αDβ) − 2εγ(αSDβ) − 2iεγ(αR¯D¯β)
+2εγ(αCβ)δρMδρ − 4
3
(
2D(αS + iD¯(αR¯
)
Mβ)γ + 1
3
(
2DγS + iD¯γR¯
)
Mαβ
+
(
Cαβγ +
1
3
εγ(α
(
8(Dβ)S) + iD¯β)R¯
))
J . (4.7c)
Here we have accounted for the fact that in the N = 2 case
XIJKL = 0 , Ca
IJ = εIJCa , (4.8)
as well as we have defined the scalar torsion superfields
R := − i
2
(S11 − S22 + 2iS12) , R¯ := i
2
(S11 − S22 − 2iS12) , (4.9)
S := 1
2
δIJS
IJ =
1
2
(S11 + S22) . (4.10)
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The U(1) charges of R and its conjugate are
J R¯ = 2R¯ , JR = −2R , (4.11)
while the real fields S and Ca are obviously neutral. The dimension-3/2 differential con-
straints on the dimension-1 torsion superfields are
DαR¯ = 0 , D¯αR = 0 , (4.12)
DαCβγ = iCαβγ − 1
3
εα(β
(
D¯γ)R¯ + 4iDγ)S
)
(4.13)
where we have defined the completely symmetric complex spinors
Cαβγ :=
1√
2
(Cαβγ
1 − iCαβγ2) , C¯αβγ := − 1√
2
(Cαβγ
1 + iCαβγ
2) , (4.14)
which are charged under the U(1)-group
JCαβγ = Cαβγ , J C¯αβγ = −C¯αβγ . (4.15)
It follows from (4.13) that S is a real linear superfield,
(D¯2 − 4R)S = (D2 − 4R¯)S = 0 . (4.16)
The super-Weyl transformation of the covariant derivatives becomes
δσDα = 1
2
σDα + (Dβσ)Mαβ − (Dασ)J , (4.17a)
δσD¯α = 1
2
σD¯α + (D¯βσ)Mαβ + (D¯ασ)J , (4.17b)
δσDa = σDa − i
2
(γa)
γδ(Dγσ)D¯δ − i
2
(γa)
γδ(D¯γσ)Dδ + εabc(Dbσ)Mc
− i
8
(γa)
γδ([Dγ , D¯δ]σ)J . (4.17c)
From here we can read off the transformation of the torsion
δσS = σS + i
8
[Dγ, D¯γ]σ , (4.17d)
δσCa = σCa + 1
8
(γa)
γδ[Dγ, D¯δ]σ , (4.17e)
δσR = σR +
1
4
D¯2σ , δσR¯ = σR¯ + 1
4
D2σ , (4.17f)
where we have defined
D2 := DαDα , D¯2 := D¯αD¯α . (4.18)
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4.2 Scalar and vector multiplets
We now wish to study in some detail the properties of scalar and vector multiplets.
Consider a covariantly chiral scalar Φ, D¯αΦ = 0, which is a primary field under the super-
Weyl group, δσΦ = wσΦ. Then its super-Weyl weight w and its U(1) charge have the
same value and opposite signs,
D¯αΦ = 0 , JΦ = −wΦ , δσΦ = wσΦ . (4.19)
Consider now a complex scalar Ψ with the properties
JΨ = (2− w)Ψ , δσΨ = (w − 1)σΨ , (4.20)
for some constant super-Weyl weight w. Then, the superfield
Φ = ∆¯Ψ , ∆¯ := −1
4
(D¯2 − 4R) (4.21)
is characterized by the properties (4.19). The operator ∆¯ is the N = 2 chiral projection
operator. The fact that the explicit form of ∆¯ is identical to that for the chiral projection
operator in 4D N = 1 supergravity [39, 40], is not surprising since the anticommutator
{Dα,Dβ} in (4.7a) is algebraically identical to that in the 4D N = 1 case.
We next turn to a complex linear superfield Σ. It is defined to obey the constraint
(D¯2 − 4R)Σ = 0 (4.22)
and no reality condition. If Σ is chosen to transform homogeneously under the super-Weyl
transformations, then its U(1) charge is determined by the super-Weyl weight,
δσΣ = wσΣ =⇒ JΣ = (1− w)Σ . (4.23)
This follows from the identity
δσ(D¯2 − 4R) = σ(D¯2 − 4R) + 2(D¯ασ)D¯α − 2(D¯ασ)D¯αJ + 2(D¯ασ)D¯βMαβ
−(D¯2σ) + (D¯2σ)J , (4.24)
Indeed, using the relations (4.23) allows us to prove that
δσ
(
(D¯2 − 4R)Σ
)
= (1 + w)σ(D¯2 − 4R)Σ = 0 . (4.25)
Unlike the chiral and the complex linear superfields, the superconformal transforma-
tion law of the vector multiplet is uniquely fixed. Consider an Abelian vector multiplet
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described by its gauge-invariant field strength G. The latter is real, (G)∗ = G, and obeys
the constraint8
(D¯2 − 4R)G = 0 G¯=G=⇒ (D2 − 4R¯)G = 0 , (4.26)
which is equivalent to eq. (2.34). Since G is neutral under the group U(1), JG = 0, eq.
(4.23) tells us that the super-Weyl transformation of G is
δσG = σG . (4.27)
The constraint (4.26) can be solved in terms of a real unconstrained prepotential V ,
G = iD¯αDαV , (4.28)
which is defined modulo arbitrary gauge transformations of the form:
δV = λ+ λ¯ , J λ = 0 , D¯αλ = 0 . (4.29)
It is consistent to consider the gauge prepotential V to be inert under the super-Weyl
transformations,
δσV = 0 . (4.30)
4.3 Matter couplings
We are now prepared to introduce interesting matter couplings in N = 2 supergravity.
Let us first elaborate on locally supersymmetric and super-Weyl invariant actions. Given
a real Lagrangian L with the super-Weyl transformation law
δσL = σL , (4.31)
the action
S =
∫
d3xd2θd2θ¯E L , E−1 = Ber(EAM) , (4.32)
is invariant under the supergravity gauge group. It is also super-Weyl invariant since the
corresponding transformation law of E is δσE = −σE.
8Eq. (4.26) is a 3D version of the constraint defining the 4D N = 1 tensor multiplet [64].
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The existence of covariantly chiral superfields in N = 2 conformal supergravity implies
that the action (4.32) can also be rewritten as an integral over a chiral subspace, for
instance, using the approach developed in [61].9
S =
∫
d3xd2θd2θ¯ E L =
∫
d3xd2θ E ∆¯L . (4.33)
Here E denotes the chiral density, D¯αE = 0, and ∆¯ the chiral projection operator (4.21).
As follows from (4.20) and (4.31), the chiral superfield ∆¯L has super-Weyl weight +2 and
U(1) charge −2. Thus the chiral density has the properties
J E = 2E , δσE = −2σE . (4.34)
The construction (4.33) allows us to introduce a different action principle. Given a
chiral Lagrangian Lc of super-Weyl weight two
D¯αLc = 0 , δσLc = 2σLc , (4.35)
the following chiral action
Sc =
∫
d3xd2θd2θ¯ E
Lc
R
=
∫
d3xd2θ E Lc (4.36)
is locally supersymmetric and super-Weyl invariant. The first representation in (4.36) is
analogous to that derived by Zumino [40] in 4D N = 1 supergravity.
We now wish to uncover conditions on the target space geometry under which a 3D
N = 2 rigid supersymmetric sigma-model [63] can be coupled to conformal supergravity.
Consider the N = 2 locally supersymmetric sigma-model action
S =
∫
d3xd2θd2θ¯ E K(ΦI , Φ¯J¯) , D¯αΦI = 0 , (4.37)
where the dynamical variables ΦI are covariantly chiral scalar superfields, K(Φ, Φ¯) is the
Ka¨hler potential of a Ka¨hler manifold M. As usual, we denote by gIJ¯(Φ, Φ¯) the Ka¨hler
metric on M. We postulate the super-Weyl transformation of the chiral superfields
δσΦ
I =
1
2
σχI(Φ) , (4.38)
9There should exist a prepotential formulation for 3D N = 2 supergravity that is similar to that
developed many years ago for 4D N = 1 supergravity [62]. In such a formulation eq. (4.33) could be
derived using a covariant chiral representation.
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where χµ := (χI , χ¯J¯) is a holomorphic vector field on the target space. The action (4.37)
can be seen to be invariant provided the Ka¨hler potential satisfies the condition
χI(Φ)KI(Φ, Φ¯) = K(Φ, Φ¯) . (4.39)
This condition turns out to imply that χI is a homothetic holomorphic Killing vector on
the target space. It has the properties
∇IχJ = δJI , ∇¯I¯χJ = ∂¯I¯χJ = 0 , (4.40a)
χI := gIJ¯ χ¯
J¯ = ∂IK , gIJ¯ = ∂I ∂¯J¯K , (4.40b)
where K can be chosen to be
K = gIJ¯χ
I χ¯J¯ . (4.41)
These properties mean that the target space M is a Ka¨hlerian cone [59].
There is an important consistency condition. For the chirality condition D¯αΦI = 0 to
be super-Weyl invariant, δσ(D¯αΦI) = 0, the U(1) charge of ΦI is uniquely fixed as
JΦI = −1
2
χI(Φ) . (4.42)
The sigma-model action (4.37) is invariant under local U(1) transformations, as a conse-
quence of (4.39).
The sigma-model (4.37) can be generalized to include a superpotential.
S =
∫
d3xd2θd2θ¯ EK(ΦI , Φ¯J¯) +
∫
d3xd2θd2θ¯ E
{
W (ΦI)
R
+ c.c.
}
, (4.43)
withW (Φ) a holomorphic scalar field on the target space. It should obey the homogeneity
condition
χI(Φ)WI(Φ) = 4W (Φ) (4.44)
for the second term in (4.43) to be locally supersymmetric and super-Weyl invariant. The
theory (4.43) is a locally supersymmetric extension of the general 3D N = 2 superconfor-
mal sigma-model presented in [33].
Local complex coordinates, ΦI , on M can be chosen in such a way that χI = ΦI .
Then K(ΦI , Φ¯J¯) obeys the following homogeneity condition:
ΦI
∂
∂ΦI
K(Φ, Φ¯) = K(Φ, Φ¯) . (4.45)
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Locally supersymmetric nonlinear sigma-models can also be generated from self cou-
plings of vector multiplets. Consider a system of Abelian vector multiplets described by
real field strengths Gi, with i = 1, . . . , n, constrained by
(D¯2 − 4R)Gi = (D2 − 4R¯)Gi = 0 , i = 1, . . . , n . (4.46)
Their dynamics can be described by an action of the form
S =
∫
d3xd2θd2θ¯ E L(Gi) . (4.47)
We know that the constraints (4.46) require the super-Weyl transformation law δσG
i =
σGi. The action is therefore super-Weyl invariant provided the Lagrangian is a homoge-
neous function of Gi of first degree,
GiLi(G) = L(G) . (4.48)
This theory is a local supersymmetric extension of the N = 2 superconformal model
presented in [33]. In the case of a single vector multiplet, there is a super-Weyl invariant
action generated by the Lagrangian L(G) ∝ (−G lnG + 4V S). Such an action describes
an improved vector multiplet [52] which is a 3D version of the 4D N = 1 improved tensor
multiplet [65].
The vector multiplet model (4.47) can be generalized to include gauge-invariant Chern-
Simons couplings
SCS =
∫
d3xd2θd2θ¯ E
{
L(Gi) +
1
2
mijV
iGj
}
, mij = mji = (mij)
∗ = const . (4.49)
Here V i is the gauge prepotential for Gi defined as in (4.28).
4.4 Conformal compensators
As is well-known, Poincare´ supergravity can be realised as conformal supergravity
coupled to a compensating supermultiplet (or compensator) [30]. Different choices of
compensator lead, in general, to different off-shell formulations for Poincare´ supergravity,
as has been shown in detail in the case of 4D N = 1 supergravity [49, 3]. In complete
analogy with 4D N = 1 supergravity, there are three different types of compensator for
N = 2 supergravity in three dimensions: (i) a chiral scalar Φ and its conjugate Φ¯; (ii) a
real linear scalar G; (iii) a complex linear scalar Σ and its conjugate Σ¯. Here we briefly
discuss these choices.
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In the case (i), the compensator Φ can be chosen to to have super-Weyl weight 1/2,
δσΦ =
1
2
σΦ . (4.50)
The freedom to perform the super-Weyl and local U(1) transformations can be used to
impose the gauge
Φ = 1 . (4.51)
Such a gauge fixing is accompanied by the consistency conditions
0 = D¯αΦ = − i
2
Φα , 0 = {Dα, D¯β}Φ = −Φαβ + Cαβ − 2iεαβS , (4.52)
and therefore
Φα = S = 0 , Φαβ = Cαβ . (4.53)
The formulation is the analogue of old-minimal 4D N = 1 supergravity (see [3, 81] for
reviews).
Another choice for compensator is the field strength of a vector multiplet, G = G¯,
which is subject to the linear constraint (4.26) and has the super-Weyl transformation
(4.27). The super-Weyl gauge freedom can be used to impose the condition
G = 1 . (4.54)
The local U(1) group remains unbroken. The resulting geometry is characterized by the
properties
R = R¯ = 0 ⇐⇒ {Dα,Dβ} = {D¯α, D¯β} = 0 . (4.55)
This is clearly the 3D analogue of 4D N = 1 new minimal supergravity (see [3] for a
review).
A conformal compensator can be chosen to be a complex linear superfield Σ which
obeys the constrain (4.22) and is characterized by the local U(1) and super-Weyl trans-
formation properties (4.23). These local symmetries can be used to impose the gauge
condition
Σ = 1 (4.56)
which implies some restrictions on the geometry. To describe such restrictions, it is useful
to split the covariant derivatives as
Dα = ∇α + iTαJ , D¯α = ∇¯α + iT¯αJ (4.57)
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where we have renamed the original U(1) connection Φα as Tα. The operators ∇α and
∇¯α have no U(1) connection. In the gauge (4.56), the constraint (D¯2 − 4R)Σ = 0 turns
into
R = − i(w − 1)
4
(
∇¯αT¯ α − iwT¯αT¯ α
)
. (4.58)
We see that R becomes a descendant of Tα and its complex conjugate. Eq. (4.58) is not
the only constraint which is induced by the gauge fixing (4.56). By evaluating {Dα,Dβ}Σ
and {Dα, D¯β}Σ and then setting Σ = 1 gives
∇(αTβ) = 0 , S = 1
8
(
∇¯αTα −∇αT¯α + 2iT αT¯α
)
, (4.59a)
Φαβ = Cαβ + i
2
∇(αT¯β) + i
2
∇¯(αTβ) + T(αT¯β) . (4.59b)
If we define a new vector covariant derivative ∇a by Da = ∇a + iΦa, then the algebra of
the covariant derivatives ∇A = (∇a,∇α, ∇¯α) proves to be
{∇α,∇β} = −2iT(α∇β) − i(w − 1)
(
∇γTγ + iwT γTγ
)
Mαβ , (4.60a)
{∇α, ∇¯β} = −2i∇αβ − iT¯β∇α + iTα∇¯β − 2εαβCγδMγδ
+
i
2
(
∇¯γTγ −∇γT¯γ + 2iT γT¯γ
)
Mαβ . (4.60b)
The emerging formulation for 3D N = 2 supergravity is analogous to 4D N = 1 non-
minimal supergravity (see [3] for a review).
The procedure of de-gauging described in this subsection is completely similar to that
presented in the book [3] which in turn closely followed Howe’s approach [49].
5 Matter couplings in N = 3 supergravity
To the best of our knowledge, three-dimensional N = 3 supergravity in superspace is
terra incognita. Here we set out to explore this continent.
In this and the following sections, we build on the projective-superspace formulations
for general 5D N = 1 and 4D N = 2 supergravity-matter theories which were developed
in [17, 18, 19, 20, 21], as well as on the recent results obtained in [33] concerning the
off-shell N = 3 and N = 4 rigid superconformal sigma-models in three dimensions.
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5.1 Elaborating on the N = 3 superspace geometry
In accordance with the geometric formulation developed in section 2, the structure
group of N = 3 conformal supergravity is SL(2,R)× SO(3), with the spinor derivatives
DIα transforming in the defining (vector) representation of SO(3). In order to define
a large class of matter multiplets coupled to supergravity, however, it is convenient to
switch to an isospinor notation using the isomorphism SO(3) ∼= SU(2)/Z2. As usual,
this is achieved by replacing any SO(3) vector index by a symmetric pair of SU(2) spinor
indices, DIα → Dijα = Djiα . In this subsection, our isospinor notation is defined and the
supergravity algebra is rewritten using this notation.
Isospinor indices are raised and lowered with the aid of the SU(2) invariant antisym-
metric tensors εij and εij (ε
12 = ε21 = 1) according to the rule
ψi = εijψj , ψi = εijψ
j . (5.1)
Given a real isovector VI , we associate with it the symmetric isospinor Vij defined by
VI → Vij := (τ I)ijVI = Vji , VI = (τI)ijVij , (Vij)∗ = V ij , (5.2)
see Appendix A for the definition of the τ -matrices. The normalization of the τ -matrices
is such that
AIBI = A
ijBij , (5.3)
for any isovectors AI and BI and the associated symmetric isospinors Aij and Bij . Con-
sider now an antisymmetric second-rank isotensor, AIJ = −AJI . Its counterpart with
isospinor indices, Aijkl = −Aklij = AIJ(τ I)ij(τJ)kl can be decomposed as
Aijkl =
1
2
εjlAik +
1
2
εikAjl , A
ijkl = −1
2
εjlAik − 1
2
εikAjl , Aij = Aji . (5.4)
In particular, if AIJ = −AJI and BIJ = −BJI are two antisymmetric isotensors, and Aij
and Bij are their isospinor counterparts, then it holds that
1
2
AIJBIJ =
1
2
AklBkl . (5.5)
Finally, let us derive the isospinor analogue of the completely antisymmetric third-rank
tensor εIJK (ε123 = 1). The definition εijklpq = εIJK(τ
I)ij(τ
J)kl(τ
K)pq leads to
εijklpq = − 1√
2
(
εp(kεl)(iεj)q + εq(kεl)(iεj)p
)
. (5.6)
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We are now ready to rewrite the results obtained in section 2 for the case N = 3 in
the isospinor notation introduced. The covariant derivatives are
DA ≡ (Da,Dijα ) = EA + ΩA + ΦA , (5.7)
where the SO(3) connection ΦA takes the form
ΦA =
1
2
ΦA
KLNKL = 1
2
ΦA
klJkl . (5.8)
Here we have introduced the SU(2) generator Jkl which is obtained from NKL as
NKL → Nijkl = 1
2
εjlJik + 1
2
εikJjl , N ijkl = −1
2
εjlJ ik − 1
2
εikJ jl . (5.9)
It acts on the spinor covariant derivatives Dijα := DIα(τI)ij as follows[J kl,Dijα ] = εi(kDl)jα + εj(kDl)iα . (5.10)
In the N = 3 case under consideration, the dimension-1 components of the torsion
and the curvature can be rewritten as
Ca
IJ → Caijkl = −1
2
εikCa
jl − 1
2
εjlCa
ik , Ca
ij = Ca
ji , (5.11)
SIJ → Sijkl = Sijkl − εi(kεl)jS , Sijkl = S(ijkl) . (5.12)
The algebra of spinor covariant derivatives becomes
{Dijα ,Dklβ } = −2iεi(kεl)j(γc)αβDc − iεαβ(εjlSikpq + εikSjlpq)Jpq + 2iεαβS
(
εjlJ ik + εikJ jl
)
−iεi(kεl)jCαβpqJpq + iCαβi(kJ l)j + iCαβj(kJ l)i + iCαβk(iJ j)l + iCαβl(iJ j)k
−iCαβijJ kl − iCαβklJ ij + iεαβ(εikCγδjl + εjlCγδik)Mγδ
−4i(Sijkl − εi(kεl)jS)Mαβ , (5.13)
where we have taken into account the fact that XIJKL = 0 for N = 3.
The dimension-3/2 Bianchi identities become
DijαSklpq = −
1
2
εjlTαikpq − 1
2
εikTαjlpq − 1
2
εjqTαiklp − 1
2
εipTαjklq
−1
2
Sαklεp(iεj)q − 1
2
Sαpqεk(iεj)l + 1
3
Sαijεk(pεq)l , (5.14a)
DijαCβγkl =
√
2εi(kεl)jCαβγ + Cαβγ
k(iεj)l + Cαβγ
l(iεj)k +
2
√
2
3
εi(kεl)jεα(βCγ) + 2εα(βTγ)ijkl
−4
3
εα(β
(
(Dk(iγ) S)εj)l + (Dl(iγ)S)εj)k
)
+
1
9
εα(β
(
Sγ)k(iεj)l + Sγ)l(iεj)k
)
. (5.14b)
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Here the dimension-3/2 component superfields possess the symmetry properties
Tαijkl = Tα(ijkl) , Sαij = Sαji , (5.15a)
Cαβγ = C(αβγ) , Cαβγ
ij = Cαβγ
ji = C(αβγ)
ij . (5.15b)
We conclude by giving the super-Weyl transformation in isospinor notation. It holds
δσDijα =
1
2
σDijα + (Dβijσ)Mαβ − (Dαk(iσ)J j)k , (5.16a)
δσDa = σDa + i
2
(γa)
γδ(Dklγ σ)Dδkl + εabc(Dbσ)Mc +
i
16
(γa)
γδ([Dp(kγ ,Dl)δp]σ)Jkl . (5.16b)
The super-Weyl transformation laws of the torsion superfields are
δσSijkl = σSijkl − i
8
[Dγ(ij ,Dkl)γ ]σ , δσS = σS −
i
24
[Dγkl,Dγkl]σ , (5.16c)
δσCa
ij = σCa
ij − i
8
(γa)
γδ[Dk(iγ ,Dj)δk]σ . (5.16d)
5.2 Covariant projective multiplets
In this section we introduce a large family of N = 3 (matter) supermultiplets coupled
to conformal supergravity – covariant projective multiplets. One of the simplest projective
multiplets, the so-called O(2) multiplet, is naturally associated with the field strength of
a N = 3 vector multiplet. Although being the simplest in the family, it displays many
properties of the general projective multiplets. We therefore start by considering this
particular multiplet, and then turn to the general case.
The antisymmetric field strength of the vector multiplet,W IJ , is equivalently described
by the symmetric isospinor W ij which originates as
W IJ → W ijkl = −1
2
εjlW ik − 1
2
εikW jl . (5.17)
In terms of W ij the Bianchi identity (2.35) turns into the analyticity constraint
D(ijα W kl) = 0 . (5.18)
Let us introduce a complex commuting isospinor, vi ∈ C2 \ {0}, and use it to define
the derivative10
D(2)α := vivjDijα , (5.19)
10Our conventions for isospinor bosonic variables and projective multiplets differ slightly from [19, 21],
but agree with those adopted in [38].
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as well as the superfield
W (2) := vivjW
ij . (5.20)
Then, the constraint (5.18) is equivalent to
D(2)α W (2) = 0 . (5.21)
The superscripts, which are attached toW (2) and D(2)α , indicate the degree of homogeneity
in vi. Similarly to the local superspace coordinates zM , the isospinor vi is defined to be
inert under the local structure-group transformations. Its sole role is to package the field
strength W ij into an index-free object. This interpretation of vi as a book-keeping device
is discussed in detail in [19].
In accordance with (5.13), the spinor covariant derivatives D(2)α satisfy the algebra
{D(2)α ,D(2)β } = −4iS(4)Mαβ + 2iC(2)αβJ (2) , (5.22a)
where we have defined
C
(2)
αβ := vivjCαβ
ij , S(4) := vivjvkvlSijkl , J (2) := vivjJ ij . (5.22b)
It follows from (5.22a) that the constraint (5.21) is consistent. Indeed, the SU(2) trans-
formation
JijWkl = −εk(iWj)l − εl(iWj)k (5.23)
implies J (2)W (2) = 0.
Under the infinitesimal supergravity gauge transformation,
δKDA = [K,DA] , K = KC(z)DC + 1
2
Kcd(z)Mcd + 1
2
Kkl(z)Jkl , (5.24)
the field strength W ij changes as
δKW
ij = KCDCW ij +W l(iKj)l . (5.25)
In terms of W (2), this transformation law can be rewritten in the form:
δKW
(2) =
(
KCDC + 1
2
KijJij
)
W (2) , (5.26a)
KijJijW (2) = −
(
K(2)∂(−2) − 2K(0)
)
W (2) . (5.26b)
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Here we have denoted
K(2) := Kij vivj , K
(0) :=
viuj
(v, u)
Kij , (v, u) := viui (5.27)
and also introduced the differential operator
∂
(−2) :=
1
(v, u)
ui
∂
∂vi
. (5.28)
The expressions in (5.27) and (5.28) involve a new isospinor ui which is subject to the
condition (v, u) 6= 0, but otherwise completely arbitrary. By definition, W (2) is indepen-
dent of ui. The variation δKW
(2) can be seen to be independent of ui as well, in spite of
the fact that each of the two terms on the right-hand side of (5.26b) involves ui.
In accordance with (2.37), the super-Weyl transformation of W (2) is
δσW
(2) = σW (2) . (5.29)
It may be seen that the analyticity constraint (5.21) and the functional form of W (2)
uniquely determine the super-Weyl transformation law of W (2). This is similar to the
properties of the N = 1 and N = 2 vector multiplets.
The condition (v, u) 6= 0 means that vi and ui form a basis for C2. Therefore the
isospinors vi and ui can be used to define a new basis for the isospinor indices, with the
aid of the completeness relation
δij =
1
(v, u)
(
viuj − vjui
)
. (5.30)
Specifically, associated with a symmetric valence-n isospinor T i1...in = T (i1...in) is a set of
(n+ 1) index-free objects
T (n−2m) := T i1···in−min−m+1···invi1 · · · vin−m
uin−m+1
(v, u)
· · · uin
(v, u)
, m = 0, 1, . . . , n (5.31)
which are homogeneous in v and u of degrees n− 2m and 0, respectively.11 For example,
starting from the spinor covariant derivatives Dijα , we generate
D(2)α := vivjDijα , D(0)α :=
viuj
(v, u)
Dijα , D(−2)α :=
uiuj
(v, u)2
Dijα . (5.32)
Applying this rule to the SU(2) generators J ij gives
J (2) := vivjJ ij , J (0) := viuj
(v, u)
J ij , J (−2) := uiuj
(v, u)2
J ij . (5.33)
11in some situations, in order to avoid possible misunderstanding, it would be more precise to use the
notation T (n−m,m) instead of T (n−2m). Such a notation is not used in this paper.
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We are now prepared to define general projective multiplets. A covariant projective
supermultiplet of weight n, Q(n)(z, v), is defined to be a Lorentz-scalar superfield that
lives on the curved N = 3 superspace M3|6, is holomorphic with respect to the isospinor
variables vi on an open domain of C2\{0}, and is characterized by the following conditions:
(i) it obeys the covariant analyticity constraint
D(2)α Q(n) = 0 ; (5.34)
(ii) it is a homogeneous function of v of degree n, that is,
Q(n)(z, c v) = cnQ(n)(z, v) , c ∈ C∗ ≡ C \ {0} ; (5.35)
(iii) supergravity gauge transformations act on Q(n) as follows:
δKQ
(n) =
(
KCDC + 1
2
KijJij
)
Q(n) ,
KijJijQ(n) = −
(
K(2)∂(−2) − nK(0)
)
Q(n) . (5.36)
Note that by construction, Q(n) is independent of u, i.e. ∂Q(n)/∂ui = 0. One can see that
δKQ
(n) is also independent of the isotwistor u, ∂(δKQ
(n))/∂ui = 0, due to (5.35). It is
also important to note that eq. (5.36) implies that
J (2)Q(n) = 0 , (5.37)
and hence the covariant analyticity constraint (5.34) is indeed consistent.
The analyticity constraint (5.34) and the homogeneity condition (5.35) are consistent
with the interpretation that the isospinor vi ∈ C2 \ {0} is defined modulo the equivalence
relation vi ∼ c vi, with c ∈ C∗, hence it parametrizes CP 1. Therefore, the projective
multiplets live in M3|6 × CP 1.
There exists a real structure on the space of projective multiplets. Given a weight-n
projective multiplet Q(n)(vi), its smile conjugate, Q˘(n)(vi), is defined by
Q(n)(vi) −→ Q¯(n)(v¯i) −→ Q¯(n)
(
v¯i → −vi
)
=: Q˘(n)(vi) , (5.38)
with Q¯(n)(v¯i) := Q(n)(vi) the complex conjugate of Q
(n)(vi), and v¯i the complex conjugate
of vi. One can show that Q˘(n)(v) is a weight-n projective multiplet. In particular, Q˘(n)(v)
obeys the analyticity constraint D(2)α Q˘(n) = 0, unlike the complex conjugate of Q(n)(v).
One can also check that
˘˘
Q(n)(v) = (−1)nQ(n)(v) . (5.39)
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Therefore, if n is even, one can define real projective multiplets, Q˘(2n) = Q(2n). Note that
geometrically, the smile-conjugation is complex conjugation composed with the antipodal
map on the projective space CP 1.
Let Q(n)(z, v) be a projective supermultiplet of weight n. Assuming that it trans-
forms homogeneously under the super-Weyl transformations, the analyticity constraints
uniquely fix its transformation law:
δσQ
(n) =
n
2
σQ(n) . (5.40)
Our definition of the 3D N = 3 projective multiplets given above is reminiscent of the
covariant projective multiplets in 4D N = 2 conformal supergravity [21] or 5D N = 1
conformal supergravity [18]. However, the three-dimensional case has two specific features
as compared to four and five dimensions. First of all, the analyticity constraint (5.34) is
formulated in terms of two spinor operators, D(2)α , while the 4D projective multiplets are
annihilated by four derivatives D(1)α := Diαvi and D¯(1)α˙ := D¯iα˙vi. Secondly, the operators
D(2)α are quadratic in the isotwistor variables vi, while their four-dimensional analogues,
D(1)α and D¯(1)α˙ , are linear in vi.
We now list several projective multiplets that can be used to describe superfield dy-
namical variables. A natural generalization of the field strength W (2)(v) is a real O(2n)
multiplet, with n = 1, 2, . . . . It is described by a real weight-2n projective superfield
H(2n)(v) of the form:
H(2n)(v) = H i1...i2nvi1 . . . vi2n = H˘
(2n)(v) . (5.41)
The analyticity constraint (5.34) is equivalent to
D(ijα Hk1...k2n) = 0 . (5.42)
The reality condition H˘(2n) = H(2n) is equivalent to
H i1...i2n = Hi1...i2n = εi1j1 · · · εi2nj2nHj1...j2n . (5.43)
The field strength of the vector multiplet is a real O(2) multiplet. For n > 1, the real
O(2n) multiplet can be used to describe an off-shell (neutral) hypermultiplet.
An off-shell (charged) hypermultiplet can be described in term of the so-called arctic
weight-n multiplet Υ(n)(v) which is defined to be holomorphic in the north chart C, of
the projective space CP 1 = C ∪ {∞}:
Υ(n)(v) = (v1)nΥ[n](ζ) , Υ[n](ζ) =
∞∑
k=0
Υkζ
k , (5.44)
29
and its smile-conjugate antarctic multiplet Υ˘(n)(v),
Υ˘(n)(v) = (v2
)n
Υ˘[n](ζ) = (v1 ζ
)n
Υ˘[n](ζ) , Υ˘[n](ζ) =
∞∑
k=0
Υ¯k
(−1)k
ζk
. (5.45)
Here we have introduced the inhomogeneous complex coordinate ζ = v2/v1 on the north
chart of CP 1. The pair consisting of Υ[n](ζ) and Υ˘[n](ζ) constitutes the so-called polar
weight-n multiplet. The spinor covariant derivative D(2)α can be represented as
D(2)α = (v1)2D[2]α , D[2]α (ζ) = D22α − 2ζD12α + ζ2D11α . (5.46)
It follows from this representation that the analyticity condition (5.34) relates, in a non-
trivial way, the superfield coefficients Υk in the series (5.44).
Our last example is the real tropical multiplet U (2n)(v) of weight 2n defined by
U (2n)(v) = (i v1v2)nU [2n](ζ) = (v1)2n(i ζ)nU [2n](ζ) ,
U [2n](ζ) =
∞∑
k=−∞
Ukζk , U¯k = (−1)kU−k . (5.47)
As will be shown below, the case n = 0 can be used to describe a gauge prepotential of
the vector multiplet.
5.3 Analytic projection operator
In this subsection we show how to engineer covariant projective multiplets.
The torsion superfield S(4) was defined in subsection 5.2, eq. (5.22b). It proves to
be a real O(4) multiplet. Indeed, the equation (5.14a) implies the relation D(ijα Sklpq) = 0
which is equivalent to the analyticity constraint D(2)α S(4) = 0. It is easy to see that S(4)
does not enjoy the super-Weyl transformation law (5.40). As follows from eq. (5.16c), its
super-Weyl transformation is inhomogeneous,
δσS(4) = 2σS(4) − i
4
(
D(4) − 4iS(4)
)
σ , (5.48)
where D(4) is defined by
D(4) := D(2)γD(2)γ . (5.49)
The appearance in (5.48) of the following differential operator
∆(4) :=
i
4
(
D(4) − 4iS(4)
)
(5.50)
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is not accidental. This operator turns out to be a N = 3 analytic projection operator. In
particular, ∆(4) is such that the constraint D(2)α S(4) = 0 is preserved under the super-Weyl
transformations, δσ(D(2)α S(4)) = 0. This follows from the transformation rule
δσD(2)α =
1
2
σD(2)α + (D(2)βσ)Mαβ + (D(2)α σ)J (0) − (D(0)α σ)J (2) , (5.51)
the identity
D(2)α ∆(4) =
1
2
C
(2)
αβD(2)βJ (2) +
1
6
(
D(2)βC(2)αβ
)
J (2) − S(4)Dβ(2)Mαβ , (5.52)
and the obvious relation J (0)S(4) = −2S(4). Note that the above super-Weyl transforma-
tions of D(2)α follows from (5.16a).
Let us formulate more precisely what we mean by ‘analytic projection operator.’ First
of all, we have to introduce the concept of isotwistor superfields, following [19]. By
definition, a weight-n isotwistor superfield U (n) is a tensor superfield (with suppressed
Lorentz indices) that lives onM3|6, is holomorphic with respect to the isospinor variables
vi on an open domain of C2 \ {0}, is a homogeneous function of vi of degree n,
U (n)(c v) = cn U (n)(v) , c ∈ C∗, (5.53a)
and is characterized by the supergravity gauge transformation
δKU
(n) =
(
KCDC + 1
2
KabMab + 1
2
KijJij
)
U (n) ,
JijU (n) = −
(
v(ivj)∂
(−2) − n
(v, u)
v(iuj)
)
U (n) =⇒ J (2)U (n) = 0 . (5.53b)
It is clear that any weight-n projective multiplet is an isotwistor superfield, but not vice
versa. If U (n−4) is a Lorentz scalar, it follows from (5.52) that the weight-n isotwistor su-
perfield Q(n) := ∆(4)U (n−4) obeys the analyticity constraint D(2)α Q(n) = 0, and therefore it
is a projective multiplet. One can also prove that if under the super-Weyl transformations
U (n−4) varies as a primary field of special weight,
δσU
(n−4) =
(n− 2)
2
σU (n−4) , (5.54)
then ∆(4)U (n−4) also transforms homogeneously according to eq. (5.40). The derivation
of this property requires some straightforward algebra making use of eq. (5.51) and the
relations
[J (2),D(2)α ] = 0 , [J (0),D(2)α ] = −D(2)α , J (0)U (n−4) = −
(n− 4)
2
U (n−4) . (5.55)
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As a simple application of the construction described, we note that one can build a
weight-4 projective superfield, ∆(4)P , from a v-independent scalar superfield P . The only
condition that P has to satisfy is to have weight one under super-Weyl transformations
δσP = σP .
The careful reader should have noticed that the explicit form of the analytic projector
operator is formally equivalent to that of the antichiral projection operator
∆ = −1
4
(D2 − 4R¯) (5.56)
in N = 2 conformal supergravity, see subsection 4.2. This is not surprising if one notes
that the anti-commutation relation (5.22a) reduces to
{D(2)α ,D(2)β }U (n) = −4iS(4)MαβU (n) (5.57)
when acting on an arbitrary isotwistor superfield U (n). This result is analogous to the
first anti-commutation relation in (4.7a),
{Dα,Dβ}U = −4R¯MαβU , (5.58)
for any N = 2 tensor superfield. The relations (5.57) and (5.58) show an analogy between
N = 3 projective multiplets, D(2)α Q(n) = 0, and N = 2 antichiral superfields, DαΨ¯ = 0.
In particular, both Q(n) and Ψ¯ must be scalar with respect to the Lorentz group.
5.4 Vector multiplet prepotential
In this subsection we show that the constraints obeyed by the N = 3 vector-multiplet
field strength W ij can be solved in terms of a real weight-zero tropical prepotential V (vi)
defined modulo arbitrary gauge transformations of the form
δV = λ+ λ˘ , (5.59)
where λ(vi) is an arctic weight-zero multiplet.12 Conceptually, this is similar to the situa-
tion in 4D N = 2 conformal supergravity in which the covariantly chiral field strength of
a vector multiplet is also given in terms of a weight-zero real tropical prepotential [66, 20],
as an extension of the rigid-supersymmetric constructions given in [25, 28]. Technically,
12In 4D N = 2 rigid supersymmetry, the idea to describe the massless vector multiplet in terms
of a tropical multiplet appeared for the first time in [25]. The transformation law (5.59) is a locally
supersymmetric version of that given in [25].
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the 3D solution which we are going to present turns out to differ significantly from its
four-dimensional counterpart.
We start from the real weight-zero tropical multiplet V (vi) and associate with it a
weight-two isotwistor superfield W (2)(wi) defined by
W (2)(w) :=
1
8πi
∮
γ
(v, dv)
{
(w, v)2Dα(−2)D(−2)α − 4
(w, v)(w, u)
(v, u)
Dα(−2)D(0)α
+ 4
(w, u)2
(v, u)2
Dα(0)D(0)α − 4i(w, v)2S(−4) + 8i
(w, v)(w, u)
(v, u)
S(−2)
− 16i(w, u)
2
(v, u)2
S(0) + 8i(w, u)
2
(v, u)2
S
}
V (v) , (5.60)
for some closed integration contour γ. Here the integrand involves the superfields
S(−4) := uiujukul
(v, u)4
Sijkl , S(−2) := viujukul
(v, u)3
Sijkl , S(0) := vivjukul
(v, u)2
Sijkl (5.61)
which are defined in accordance with our general conventions introduced earlier. It follows
from (5.60) that W (2)(w) has the following functional form: W (2)(w) = W ijwiwj, for
some real SU(2) triplet W ij . The field strength (5.60) is indeed invariant under the gauge
transformations (5.59).
A crucial property of (5.60) is that it does not depend on the auxiliary isospinor
ui. This property can be proved considering an infinitesimal transformation δui = avi
and then making use of the analyticity condition D(2)α V = 0 in conjunction with the
anticommutation relations for the spinor covariant derivatives.
The fact that (5.60) is independent of ui can be used to derive two important im-
plications. First of all, it allows us to prove the invariance of W (2) under the gauge
transformation (5.59). Secondly, it makes it possible to prove that W (2)(w) is a projective
multiplet. Indeed, let us choose ui = wi in (5.60) and also re-label wi → vi and vi → vˆi.
Then (5.60) turns into13
W (2)(v) = ∆(4)
∮
γ
(vˆ, dvˆ)
2π(v, vˆ)2
V (vˆ) . (5.62)
This representation makes it manifest that W (2)(v) is a projective multiplet.
We postulate the prepotential V to be inert under the super-Weyl transformations,
δσV = 0 (5.63)
This leads to the correct transformation law for W (2).
13To prove this the reader should use eq. (5.52) and the fact that wiwjJ ij
∮ (v,dv)
(v,w)2V (z, v) = 0.
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5.5 Supersymmetric action principle
With the results obtained in the previous subsections, we are now prepared to formu-
late a locally supersymmetric and super-Weyl invariant action principle.
Similarly to the off-shell supergravity-matter systems with eight supercharges in four
and five dimensions [18, 21], our Lagrangian L(2) is chosen to be a real weight-2 projective
multiplet, with the following super-Weyl transformation law
δσL(2) = σL(2) . (5.64)
Associated with L(2) is the action
S(L(2)) = 1
2πi
∮
γ
(v, dv)
∫
d3x d6θ E C(−4)L(2) , E−1 = Ber(EAM) . (5.65)
Here the superfield C(−4) is required to be a Lorentz-scalar isotwistor superfield of weight
−4 such that the following two conditions hold:
δσC
(−4) = −σC(−4) , (5.66a)
∆(4)C(−4) = 1 . (5.66b)
These conditions prove to guarantee that the action (5.65) is invariant under the su-
pergravity gauge and the super-Weyl transformations. The invariance of S under the
supergravity gauge transformations can be proven in complete analogy to the 5D and
4D cases [17, 18, 19, 21]. To show that the action (5.65) is super-Weyl invariant, it is
necessary to make use of the super-Weyl transformation laws (5.64) and (5.66a), as well
as to use the observation that
δσE = 0 , (5.67)
which is similar to the 4D N = 2 case.
All information about a concrete dynamical system is encoded in its Lagrangian L(2).
It may look somewhat odd that the action (5.65) also involves the ‘compensating’ su-
perfield C(−4), in principle one and the same for all dynamical systems. The important
point, however, is that the action (5.65) does not depend on C(−4) if the Lagrangian
L(2) is independent of C(−4). To prove this statement, let us represent the Lagrangian as
L(2) = ∆(4)U (−2), for some isotwistor superfield U (−2) of weight −2. Then, making use of
eq. (5.66b) allows us to rewrite the action in the form
S =
1
2πi
∮
γ
(v, dv)
∫
d3x d6θ E U (−2) . (5.68)
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This representation makes manifest the fact that the action does not depend on C(−4).
A natural choice for C(−4) is available if the theory under consideration possesses an
Abelian vector multiplet such that its field strength W ij is nowhere vanishing, that is
W :=
√
W ijWij 6= 0. Such a vector multiplet may be a conformal compensator. Since
the super-Weyl transformation of W is
δσW = σW , (5.69)
we immediately observe that C(−4) can be chosen as
C(−4) :=
W
Σ(4)
, Σ(4) := ∆(4)W . (5.70)
Indeed, the condition (5.66a) holds since the super-Weyl transformation of Σ(4) is
δσΣ
(4) = 2σΣ(4) . (5.71)
The condition (5.66b) holds, since Σ(4) is an O(4) multiplet.
More generally, given a real weight-n isotwistor superfield U (n), with the super-Weyl
transformation law (5.54), it is possible to define C(−4) as
C(−4) =
U (n)
∆(4)U (n) , (5.72)
provided
(
∆(4)U (n))−1 is well defined.
The action (5.65) has the following important property:
S
(
W (2)(λ+ λ˘)
)
= 0 , (5.73)
with W (2) a real O(2) multiplet and λ an arctic weight-zero multiplet.
5.6 Conformal compensators
As is well known, conformal supergravity is a useful starting point to construct
Poincare´ supergravity theories [30]. This is achieved by coupling the (Weyl multiplet)
(i.e. the multiplet of conformal supergravity) to a compensating matter multiplet (com-
pensator). The latter allows one to gauge away part of the local symmetries by imposing
appropriate gauge conditions. In 4D N = 2 supergravity, two compensators are required
of which one is a vector multiplet (see [32] and references therein). In the case of N = 3
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supergravity in three dimensions, the vector multiplet can be chosen as a compensator.
Its field strength W ij must be nowhere vanishing, that is W :=
√
W ijWij 6= 0. Then, the
super-Weyl gauge freedom can be used to impose the gauge condition W = 1. After that,
the local SU(2) symmetry allows one to set W ij = wij, for some constant SU(2) triplet
wij of unit length.
The supergravity Lagrangian is
L(2)SUGRA =
1
κ2
W (2) ln
W (2)
iΥ(1)Υ˘(1)
+
ξ
κ2
VW (2) , (5.74)
with κ2 and ξ the gravitational and cosmological constants, respectively. The cosmological
term is described by a U(1) Chern-Simons term. The action is invariant under the gauge
transformations (5.59). The first term in (5.74) is (minus) the Lagrangian for a massless
improved vector multiplet coupled to conformal supergravity. Its 4D N = 2 counter-
part was given in [20] as a locally supersymmetric extension of the projective-superspace
formulation [23] for the 4D N = 2 improved tensor multiplet [32, 74].
The supergravity action can equivalently be described by the following Lagrangian
L˜(2)SUGRA =
1
κ2
V
{
W
(2) + ξW (2)
}
, (5.75)
where
W
(2) := Wijvivj = ∆
(4)
∮
(vˆ, dvˆ)
2π(v, vˆ)2
ln
W (2)(vˆ)
iΥ(1)(vˆ)Υ˘(1)(vˆ)
, D(2)α W(2) = 0 (5.76)
is a composite real O(2) multiplet. The contour integral in (5.76) can be evaluated using
the technique developed in [68].
In the case ξ = 0, we can construct a dual supergravity formulation by considering
the first-oder model
L(2)
first-order
=
1
κ2
U (2)
(
ln
U (2)
iΥ(1)Υ˘(1)
− 1
)
, (5.77)
where U (2) is a real weight-two tropical multiplet. Varying the first-order action with
respect to Υ(1) and its conjugate gives U (2) = W (2), and then we return to the original
formulation. On the other hand, varying the first-order action with respect to U (2) gives
U (2) = iΥ(1)Υ˘(1), and we arrive at the dual formulation
L(2)SUGRA,dual = −
i
κ2
Υ(1)Υ˘(1) (5.78)
in which the compensator is an off-shell hypermultiplet.
If the cosmological constant is non-zero, ξ 6= 0, then the theory (5.74) proves to be self-
dual under a different type of duality transformation that is similar to the one considered
in [20].
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5.7 Locally supersymmetric sigma-models
The Lagrangian in (5.65) is required to be a real weight-two covariant projective mul-
tiplet with the super-Weyl transformation law (5.64). Otherwise L(2) may be completely
arbitrary. This freedom in the choice of L(2) means that practically any off-shell N = 3
rigid superconformal theory [33] can be coupled to N = 3 conformal supergravity.
We consider a system of interacting weight-one arctic multiplets, Υ(1)I(v), and their
smile-conjugates, Υ˘(1)I¯(v), described by a Lagrangian14 of the form [29]:
L(2) = iK(Υ(1)I , Υ˘(1)J¯ ) . (5.79)
Here K(ΦI , Φ¯J¯) is a real function of n complex variables ΦI , with I = 1, . . . , n, satisfying
the homogeneity condition
ΦI
∂
∂ΦI
K(Φ, Φ¯) = K(Φ, Φ¯) . (5.80)
The function K(ΦI , Φ¯J¯) can be interpreted as the Ka¨hler potential of a Ka¨hlerian coneM
written in special complex coordinates in which the homothetic conformal Killing vector
field χI(Φ) has the form χI(Φ) = ΦI .
There exists a more geometric formulation of the theory (5.79) described in detail in
[67]. It is realized in terms of a single weight-one arctic multiplet Υ(1) and n−1 weight-zero
arctic multiplets Ξi. The corresponding Lagrangian is
K(Υ(1)I , Υ˘(1)J¯ ) = Υ(1)Υ˘(1) exp
{
K(Ξi, Ξ˘j¯)
}
, (5.81)
where the original variables Υ(1)I are related to the new ones by a holomorphic reparametriza-
tion. The arctic variables Υ(1) and Ξi parametrize a holomorphic line bundle over a
Ka¨hler-Hodge manifold with Ka¨hler potential K(ϕi, ϕ¯j¯), see [67] for more details.
Consider a system of n Abelian vector multiplets, and letW
(2)
I be their field strengths,
I = 1, . . . , n. Its dynamics can be described by a Lagrangian of the form
L(2) = L(W (2)I ) , (5.82)
where L is a real homogeneous function of degree +1,
W
(2)
I
∂
∂W
(2)
I
L = L . (5.83)
14The action generated by the Lagrangian (5.79) is real due to (5.39).
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The vector multiplet model (5.82) can be generalized to include a Chern-Simons term
L(2)CS = L(W (2)I ) +
1
2
mIJVIW
(2)
J , m
IJ = mJI = (mIJ)∗ = const . (5.84)
Here VI is the weight-zero tropical prepotential for the field strengths WI , eq. (5.62). The
action associated with L(2)CS is invariant under gauge transformations δVI = λI + λ˘I , with
with λI arctic weight-zero multiplets.
6 Matter couplings in N = 4 supergravity
The structure of multiplets in 3D N = 4 supersymmetry is largely determined by the
fact that the Lie algebra of the R-symmetry group is reducible, so(4) ∼= su(2)⊕ su(2).
6.1 Elaborating on the N = 4 superspace geometry
Within the geometric formulation developed in section 2, the structure group of N = 4
conformal supergravity is SL(2,R)× SO(4), with the spinor derivatives DIα transforming
in the defining (vector) representation of SO(4). In order to define a large class of matter
multiplets coupled to supergravity, it is advantageous to make use of the isomorphism
SO(4) ∼= (SU(2)L × SU(2)R)/Z2 and switch to an isospinor notation, DIα → Di¯iα , by
replacing each SO(4) vector index by a pair of isospinor ones. We use the notation ψi and
χi¯ to denote the isospinors which transform under the defining representations of SU(2)L
and SU(2)R, respectively. The rules for raising and lowering isospinor indices are spelled
out in Appendix A. The algebraic structure underlying the correspondence DIα → Di¯iα
is also explained in Appendix A. For completeness, here we only repeat the definition.
Associated with a real SO(4) vector VI is a second-rank isospinor Vi¯i defined as
VI → Vi¯i := (τ I)i¯iVI , VI = (τI)i¯iVi¯i , (Vi¯i)∗ = V i¯i , (6.1)
see Appendix A for the definition of the τ -matrices. If VI and UI are two SO(4) vectors,
and Vi¯i and Ui¯i the associated second-rank isospinors, then
V IUI = V
i¯iUi¯i . (6.2)
Along with the relations (6.1) and (6.2), we need a few more general results. Given
an antisymmetric second-rank SO(4) tensor, AIJ = −AJI , its counterpart with isospinor
indices, Ai¯ijj¯ = −Ajj¯i¯i = AIJ(τ I)i¯i(τJ)jj¯ can be decomposed as
Ai¯ijj¯ = εijAi¯j¯ + εi¯j¯Aij −→ Ai¯ijj¯ = −εijAi¯j¯ − εi¯j¯Aij , Aij = Aji , Ai¯j¯ = Aj¯ i¯ . (6.3)
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Here the two independent symmetric isospinors Aij and Ai¯j¯ represent the self-dual and
anti-self-dual parts of the antisymmetric tensor AIJ . Given another antisymmetric second-
rank SO(4) tensor, BIJ = −BJI , and the corresponding isospinor counterparts Bij and
Bi¯j¯ , one can check that
1
2
AIJBIJ = A
ijBij + A
i¯j¯Bi¯j¯ . (6.4)
Finally, consider the completely antisymmetric fourth-rank tensor εIJKL normalized by
ε1234 = 1. Its isospinor counterpart is
εi¯ijj¯kk¯ll¯ := εIJKL(τ
I)i¯i(τ
J)jj¯(τ
K)kk¯(τ
L)ll¯ =
(
εijεklεi¯l¯εj¯k¯ − εilεjkεi¯j¯εk¯l¯
)
. (6.5)
We are now prepared to specify the N -extended supergravity algebra, which was
derived in section 2, to the case N = 4 and rewrite it using the isospinor notation
introduced. The covariant derivatives are
DA = (Da,Di¯iα) = EA + ΩA + ΦA , (6.6)
where the original SO(4) connection ΦA now turns into a sum of two SU(2) connections,
the left (ΦL)A and the right (ΦR)A ones,
ΦA = (ΦL)A + (ΦR)A , (ΦL)A = ΦA
klLkl , (ΦR)A = ΦA
k¯l¯Rk¯l¯ . (6.7)
Here Lkl are the generators of SU(2)L and Rk¯l¯ the generators of SU(2)R. They are related
to the SO(4) generators NKL as
NKL → Nkk¯ll¯ = εk¯l¯Lkl + εklRk¯l¯ . (6.8)
The same decomposition into left and right sectors takes place for the SO(4) curvature
and for the SO(4) gauge parameters. The two sets of SU(2) generators act on the spinor
covariant derivatives Di¯iα := DIα(τI)i¯i as follows:[
Lkl,Di¯iα
]
= εi(kDl)¯iα ,
[
Rk¯l¯,Di¯iα
]
= εi¯(k¯Dil¯)α . (6.9)
As shown in section 2, in N -extended curved superspace the torsion and the curvature
of dimension 1 are given in terms of the three tensor superfields: XIJKL, Ca
IJ and SIJ .
We recall that the completely antisymmetric curvature XIJKL does not occur for N < 4.
In the N = 4 case, these superfields take the form:
XIJKL → X i¯ijj¯kk¯ll¯ = εi¯ijj¯kk¯ll¯X =
(
εijεklεi¯l¯εj¯k¯ − εilεjkεi¯j¯εk¯l¯
)
X , (6.10)
Ca
IJ → Cai¯ijj¯ = −εi¯j¯Baij − εijCai¯j¯ , Baij = Baji , Cai¯j¯ = Caj¯i¯ , (6.11)
SIJ → Sij i¯j¯ + εijεi¯j¯S , Sij i¯j¯ = Sjii¯j¯ = Sij j¯i¯ . (6.12)
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The algebra of spinor covariant derivatives becomes
{Di¯iα ,Djj¯β } = 2iεijεi¯j¯(γc)αβDc + 2iεαβεi¯j¯(2S +X)Lij − 2iεαβεijSkli¯j¯Lkl + 4iCαβi¯j¯Lij
+2iεαβε
ij(2S −X)Ri¯j¯ − 2iεαβεi¯j¯Sij k¯l¯Rk¯l¯ + 4iBαβijRi¯j¯
+2iεαβ(ε
i¯j¯Bγδij + εijCγδi¯j¯)Mγδ − 4i(Sij i¯j¯ + εijεi¯j¯S)Mαβ . (6.13)
It can be shown that the dimension-3/2 Bianchi identities take the form:
Di¯iαSjkj¯k¯ = 2T ijk(j¯α εk¯)¯i − 2εi(jT k)¯ij¯k¯α − εi(jSαk)(j¯εk¯)¯i , (6.14a)
Di¯iαBβγjk = −εi(j
(
Aαβγ
k)¯i − Cαβγk)¯i
)
− 2
3
εα(βε
i(j
(
Dk)¯iγ) (2S −X)
)
+ 2εα(βTγ)ijki¯ , (6.14b)
Di¯iαCβγj¯k¯ = −
(
Aαβγ
i(j¯ + Cαβγ
i(j¯
)
εk¯)¯i +
2
3
εα(β
(
Di(j¯γ) (2S +X)
)
εk¯)¯i + 2εα(βTγ) i¯ij¯k¯ . (6.14c)
Here the superfields appearing in the right-hand sides have the following algebraic prop-
erties:
T ki¯j¯k¯α = T k(¯ij¯k¯)α , T ijkk¯α = T (ijk)k¯α , Cαβγi¯i = C(αβγ) i¯i , Aαβγ i¯i = A(αβγ) i¯i . (6.15)
These superfields are related to those introduced in eqs. (2.18a)–(2.18c) as follows:
T IJKα → Tαi¯ijj¯kk¯ = −εi¯j¯T ijkk¯α − εijT ki¯j¯k¯α , (6.16a)
Cαβγ
IJK → Cαβγi¯ijj¯kk¯ = εijAαβγki¯εj¯k¯ − εjkAαβγik¯εi¯j¯ , (6.16b)
Cα
IJK → Cαi¯ijj¯kk¯ = −εij(Dki¯αX)εj¯k¯ + εjk(Dik¯α X)εi¯j¯ . (6.16c)
An important property of the N = 4 curved superspace geometry is its invariance
under the discrete transformation
M : SU(2)L ←→ SU(2)R (6.17)
which changes the tensor types of superfields as D
(p/2)
L ⊗ D(q/2)R → D(q/2)L ⊗ D(p/2)R , where
D(p/2) denotes the spin-p representation of SU(2). In the rigid supersymmetric case, this
transformation is an outer automorphism of the N = 4 super-Poincare´ algebra, which
underlies mirror symmetry in 3D N = 4 Abelian gauge theories [69]. It has been studied
by Zupnik [45, 46] within the 3D N = 4 rigid harmonic superspace [44]. Following [45, 46],
we call M the mirror map.
The various geometric objects behave differently under the mirror map:
M · S = S , M · Siji¯j¯ = Siji¯j¯ , M ·X = −X , (6.18a)
M · C i¯j¯a = Bija , M · Bija = C i¯j¯a ; (6.18b)
M · Sαi i¯ = Sαi i¯ , M · Aαβγi i¯ = −Aαβγi i¯ , M · Cαβγi i¯ = Cαβγi i¯ , (6.18c)
M · Tαijk i¯ = Tαi i¯j¯k¯ , M · Tαi i¯j¯k¯ = Tαijk i¯ . (6.18d)
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We conclude by giving the super-Weyl transformation in the isospinor notation:
δσDi¯iα =
1
2
σDi¯iα + (Dβi¯iσ)Mαβ − (Di¯αjσ)Lij − (Diαj¯σ)Ri¯j¯ , (6.19a)
δσDa = σDa + i
2
(γa)
γδ(Dkk¯γ σ)Dδkk¯ + εabc(Dbσ)Mc
+
i
16
(γa)
γδ([D(kk¯γ ,Dl)δk¯]σ)Lkl +
i
16
(γa)
γδ([Dk(k¯γ ,D l¯)δk]σ)Rk¯l¯ . (6.19b)
The dimension-1 torsion and curvature superfields transform as follows:
δσSij i¯j¯ = σSij i¯j¯ − i8 [D
γ(i
(¯i
,Dj)
γj¯)
]σ , δσS = σS − i
32
[Dγkk¯,Dγkk¯]σ , (6.19c)
δσBa
ij = σBa
ij − i
16
(γa)
γδ[D(ik¯γ ,Dj)δk¯]σ , (6.19d)
δσCa
i¯j¯ = σCa
i¯j¯ − i
16
(γa)
γδ[Dk(¯iγ ,Dj¯)δk]σ , (6.19e)
δσX = σX . (6.19f)
6.2 Covariant projective multiplets
In this section we introduce a curved-superspace extension of the N = 4 superconfor-
mal projective multiplets [33]. As in the N = 3 case, it is natural to start our analysis
with a more detailed look at the properties of the N = 4 vector multiplet in conformal
supergravity, and then turn to more general supermultiplets.
In accordance with the consideration of subsection 6.1, the vector-multiplet field
strengthW IJ = −W JI is equivalently described by two symmetric second-rank isospinors,
W ij and W i¯j¯ , which are defined as
W IJ → W i¯ijj¯ = −εi¯j¯W ij − εijW i¯j¯ , W ij = W ji , W i¯j¯ = W j¯ i¯ (6.20)
and transform under the local groups SU(2)L and SU(2)R, respectively. The dimension-
3/2 Bianchi identity (2.35) turns into the two independent analyticity constraints
D(i¯iα W kl) = 0 , (6.21a)
Di(¯iα W k¯l¯) = 0 . (6.21b)
As a result, the field strengths W ij and W i¯j¯ are completely independent of each other.
Therefore, the N = 4 supermultiplet described by W IJ is reducible and is, in fact, a
superposition of two inequivalent off-shell N = 4 vector multiplets. One of them is
characterized by the condition W i¯j¯ = 0, while for the other vector multiplet W ij = 0.
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The existence of two inequivalent off-shell N = 4 vector multiplets in three dimensions
was discovered by Brooks and Gates [70] (see also [71] where the results of [70] were recast
in terms of N = 2 superfields).
A superfield W ij under the constraint (6.21a) will be called a left linear multiplet.
Similarly, eq. (6.21b) defines a right linear multiplet. These multiplets are 3D analogues
of the 4D N = 2 linear multiplet [72, 73].
The constraints (6.21a) and (6.21b) can be rewritten as generalized chirality con-
ditions. This can be achieved, as in the N = 3 case studied earlier, by allowing for
auxiliary bosonic dimensions. Specifically, let us introduce left and right isospinor vari-
ables, vL := v
i ∈ C2 \ {0} and vR := v i¯ ∈ C2 \ {0}, and use them to define two different
subsets, D(1)¯iα and D(1¯)iα , in the set of spinor covariant derivatives Di¯iα ,
D(1)¯iα := viDi¯iα , D(1¯)iα := vi¯Di¯iα , (6.22)
as well as the index-free superfields
W
(2)
L := vivjW
ij ≡W (2) , W (2)R := vi¯vj¯W i¯j¯ ≡ W (2¯) (6.23)
associated with the left and the right linear multiplets, respectively. Now, the constraints
(6.21a) and (6.21b) become
D(1)¯iα W (2)L = 0 , (6.24a)
D(1¯)iα W (2)R = 0 . (6.24b)
The parenthesized superscripts attached to D(1)¯iα and W (2)L indicate the degree of homo-
geneity in the left isospinor vi. The same convention is used for the right objects D(1¯)iα
and W
(2)
R , but with vi → vi¯. In complete analogy with the N = 3 case, both vi and vi¯ are
chosen to be inert under the local SU(2)L and SU(2)R transformations.
Since the right linear multiplet, W i¯j¯, can be obtained from the left one, W ij, by
applying the mirror map, it suffices to restrict our analysis to the latter. Consider an
infinitesimal supergravity gauge transformation
δKDA = [K,DA] , K = KCDC + 1
2
KcdMcd +KklLkl +K k¯l¯Rk¯l¯ . (6.25)
It acts on W ij as
δKW
ij = KCDCW ij + 2W l(iKj)l . (6.26)
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In terms of W
(2)
L this transformation law takes the form
δKW
(2)
L =
(
KCDC +KijLij
)
W
(2)
L , (6.27a)
KijLijW
(2)
L = −
(
K
(2)
L ∂
(−2)
L − 2K(0)L
)
W
(2)
L , (6.27b)
where we have used the notations:
K
(2)
L = K
ij vivj , K
(0)
L =
viuj
(vL, uL)
Kij , (vL, uL) := v
iui . (6.28)
The differential operator ∂
(−2)
L is defined as
∂
(−2)
L :=
1
(vL, uL)
ui
∂
∂vi
. (6.29)
Here we have introduced a second left isospinor variable uL := u
i which is restricted to
be linearly independent of vL, that is (vL, uL) 6= 0. Thus vi and ui can be used to define
a new basis for the left isospinor indices, with the aid of the completeness relation
δij =
1
(vL, uL)
(
viuj − vjui
)
, (6.30)
in complete analogy with our previous consideration for N = 3 supergravity, see eq.
(5.31). For example, the generators Lij of the group SU(2)L turn into
L(2) := vivjL
ij , L(0) :=
1
(vL, uL)
viujL
ij , L(−2) :=
1
(vL, uL)2
uiujL
ij . (6.31)
Then it follows from (6.27b) that
L(2)W
(2)
L = 0 . (6.32)
This identity is crucial for the consistency of the constraints (6.24a). Indeed, the spinor
covariant derivatives D(1)¯iα obey the anticommutation relations
{D(1)¯iα ,D(1)j¯β } = 2iεαβεi¯j¯(2S +X)L(2) + 4iCαβi¯j¯L(2) − 2iεαβεi¯j¯S(2) k¯l¯Rk¯l¯ + 4iB(2)αβRi¯j¯
+2iεαβε
i¯j¯Bγδ(2)Mγδ − 4iS(2) i¯j¯Mαβ , (6.33)
where we have defined
B
(2)
αβ := Bαβ
ijvivj , S(2) i¯j¯ := Sij i¯j¯vivj . (6.34)
Since W
(2)
L is inert under both the Lorentz and SU(2)R transformations, eq. (6.32) guar-
antees that the requirement {D(1)¯iα ,D(1)j¯β }W (2)L = 0 holds.
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The properties of W
(2)
L , which we have just described, are analogous to those of the
O(2) multiplet in 4D N = 2 supergravity [19, 21]. To comply with the four-dimensional
terminology, W
(2)
L and W
(2)
R will be called left and right O(2) multiplets, respectively.
The super-Weyl transformation of W
(2)
L is
δσW
(2)
L = σW
(2)
L . (6.35)
We are now prepared to introduce a large family of off-shell supermultiplets with
properties similar to those of W
(2)
L . A covariant left projective multiplet of weight n,
Q
(n)
L (z, vL), is defined to be a Lorentz and SU(2)R scalar superfield that lives on the
curved N = 4 superspace M3|8, is holomorphic with respect to the isospinor variables vi
on an open domain of C2 \ {0}, and is characterized by the following conditions:
(i) it obeys the covariant analyticity constraints
D(1)¯iα Q(n)L = 0 ; (6.36)
(ii) it is a homogeneous function of vL of degree n, that is,
Q
(n)
L (c vL) = c
nQ
(n)
L (vL) , c ∈ C∗ ; (6.37)
(iii) the supergravity gauge transformations act on Q
(n)
L as follows:
δKQ
(n)
L =
(
KCDC +KijLij
)
Q
(n)
L ,
KijLijQ
(n)
L = −
(
K(2)∂
(−2)
L − nK(0)
)
Q
(n)
L . (6.38)
By construction, Q
(n)
L is independent of uL. One can see that δKQ
(n)
L is also independent
of the isospinor uL, due to (6.37).
It is important to note that
L(2)Q
(n)
L = 0 , L
(0)Q
(n)
L = −
n
2
Q
(n)
L , (6.39)
as a consequence of (6.38). Since Q
(n)
L is invariant under the Lorentz and SU(2)R transfor-
mations, the first relation in (6.39) guarantees that the covariant analyticity constraints
(6.36) are indeed consistent.
As is clear from the above consideration, the isospinor vi ∈ C2 \ {0} is defined modulo
the equivalence relation vi ∼ c vi, with c ∈ C∗, hence it parametrizes CP 1. Therefore, the
covariant left projective multiplets live in curved projective superspace,M3|8 × CP 1.
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Let Q
(n)
L (vL) be a left projective supermultiplet of weight n. Assuming that it varies
homogeneously under the super-Weyl transformations, the analyticity constraints (6.36)
uniquely fix its transformation law to be
δσQ
(n)
L =
n
2
σQ
(n)
L . (6.40)
This relation can be derived by noticing that the transformation rules of the D(1)¯iα deriva-
tives under super-Weyl transformations are
δσD(1)¯iα =
1
2
σD(1)¯iα + (D(1)βi¯σ)Mαβ − (D(1)αj¯ σ)Ri¯j¯ + (D(1)¯iα σ)L(0) − (D(−1)¯iα σ)L(2) , (6.41)
where
D(−1)¯iα :=
1
(vL, uL)
uiDi¯iα . (6.42)
We conclude this subsection with two comments. Firstly, for any integer n, the space
of left weight-n projective superfields can be endowed with a real structure. Associated
with Q
(n)
L (vL) is its smile-conjugate Q˘
(n)
L (vL) which is defined according to eq. (5.38) with
obvious modifications. The important property (5.39) also extends to the N = 4 left
projective multiplets. Thus, if n is even, we can consistently define real left projective
superfields.
Our second comment is that applying the mirror map to Q
(n)
L (vL) gives a covariant
right projective multiplet of weight n, Q
(n)
R (vR). The entire consideration of this section
naturally extends to the right projective multiplets. In what follows, for the left and right
projective multiplets we often use two alternative types of notation, specifically
Q
(n)
L ≡ Q(n) , Q(n)R ≡ Q(n¯) . (6.43)
6.3 Hybrid projective multiplets
The definitions and properties of the left projective multiplets, which we presented
in subsection 6.2, are completely analogous to those given in [19, 21] for the 4D N = 2
covariant projective multiplets. A nontrivial new aspect of the 3D case is that there exist
two types of N = 4 covariant projective multiplets, the left and the right ones. Moreover,
in three dimensions we can define hybrid projective multiplets of the form
Q(n,m)(vL, vR) :=
∑
QL , QR
Q
(n)
L (vL)Q
(m)
R (vR) . (6.44)
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They obey the following analyticity constraint
D(1,1)α Q(n,m)(vL, vR) = 0 , D(1,1)α := Di¯iα vivi¯ (6.45)
and are characterized by the algebraic properties
L(2)Q(n,m) = R(2¯)Q(n,m) = 0 . (6.46)
The analyticity constraint is consistent, since the operators D(1,1)α satisfy the anticommu-
tation relations:
{D(1,1)α ,D(1,1)β } = 4iC(2¯)αβL(2) + 4iB(2)αβR(2¯) − 4iS(2,2)Mαβ . (6.47)
It should be remarked that S(2,2) = vivjvi¯vj¯Siji¯j¯ is a hybrid projective multiplet,
D(1,1)α S(2,2) = 0 . (6.48)
The explicit representation (6.44) can be formalized. A hybrid projective multiplets of
weight (n,m), Q(n,m)(vL, vR), is defined to be a scalar superfield that lives on the curved
N = 4 superspace M3|8, is holomorphic with respect to the isospinor variables vi, v i¯ on
an open domain of C2 \ {0} × C2 \ {0}, and is characterized by the following conditions:
(i) it obeys the covariant analyticity constraint (6.45);
(ii) it is a homogeneous function of degree n in vL and of degree m in vR, that is,
Q(n,m)(cLvL, cRvR) = c
n
L c
m
R Q
(n,m)(vL, vR) , cL, cR ∈ C∗ ; (6.49)
(iii) under the supergravity gauge group, Q(n,m) transforms as follows:
δKQ
(n,m) =
(
KCDC +KijLij +K i¯j¯Ri¯j¯
)
Q(n,m) , (6.50a)
KijLijQ
(n,m) = −
(
K
(2)
L ∂
(−2)
L − nK(0)L
)
Q(n,m) , (6.50b)
K i¯j¯Ri¯j¯Q
(n,m) = −
(
K
(2)
R ∂
(−2)
R −mK(0)R
)
Q(n,m) . (6.50c)
If Q(n,m) has a homogeneous super-Weyl transformation law, δσQ
(n,m) ∝ σQ(n,m), then
it proves to have the unique form:
δσQ
(n,m) =
1
2
(n +m)σQ(n,m) . (6.51)
There exist hybrid projective multiplets with inhomogeneous super-Weyl transformation
laws. For example, the torsion S(2,2) transforms as
δσS(2,2) = σS(2,2) − i
4
D(2,2)σ , D(2,2) := Dα(1,1)D(1,1)α . (6.52)
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The results of this subsection are consistent with the interpretation that the isospinors
vi, v i¯ ∈ C2 \ {0} are defined modulo the equivalence relations vi ∼ cL vi, v i¯ ∼ cR v i¯, with
cL, cR ∈ C∗, hence (vi, v i¯) parametrizes CP 1 × CP 1. Therefore, the hybrid projective
multiplets live in curved bi-projective superspace M3|8 × CP 1 × CP 1.
Hybrid projective multiplets can naturally be defined in rigid N = 4 bi-projective
superspace R3|8×CP 1×CP 1, but this possibility has not been considered in [33]. Let us
dimensionally reduce this superspace to two dimensions. The result is the 2D N = (4, 4)
bi-projective superspace R2|8×CP 1×CP 1 which was introduced more than twenty years
ago by Buscher, Lindstro¨m and Rocˇek [75] and further studied in [76, 77]. Its local version
has been developed in [22].
6.4 Covariant projection operators
In this subsection we develop techniques to engineer covariant left/right and hybrid
projective multiplets. For this we have to introduce a new superfield type – isotwistor
multiplets of arbitrary weight (n,m), with n,m integers. Such a superfield T (n,m)(vL, vR)
has the same properties as the hybrid projective multiplet Q(n,m)(vL, vR) except for the
analyticity condition (6.45). More specifically, the properties (6.49) and (6.50a)–(6.50c)
are required to hold for T (n,m)(vL, vR). However, no analyticity constraint is imposed on
T (n,m)(vL, vR). As a result, T
(n,m)(vL, vR) may transform as a tensor field with respect
to the local Lorentz group (its Lorentz indices are suppressed). Left and right isotwistor
multiplets correspond to special cases of isotwistor superfields:
T
(n)
L (vL) := T
(n,0)(vL, vR) ,
∂
∂vR
T (n,0) = 0 ; (6.53a)
T
(m)
R (vR) := T
(0,m)(vL, vR) ,
∂
∂vL
T (0,m) = 0 . (6.53b)
Consider a covariant left projective multiplet Q
(n)
L (vL) of weight n. It can be proved
that there exists a left isotwistor superfield T
(n−4)
L (vL) such that
Q
(n)
L = ∆
(4)
L T
(n−4)
L , (6.54)
where ∆
(4)
L denotes the following fourth-order operator:
∆
(4)
L =
1
96
(
(D(2)k¯l¯ − 16iS(2)k¯l¯)D(2)
k¯l¯
− (D(2)αβ − 16iB(2)αβ)D(2)αβ
)
(6.55a)
=
1
96
(
D(2)k¯l¯(D(2)
k¯l¯
− 16iS(2)
k¯l¯
)−D(2)αβ(D(2)αβ − 16iB(2)αβ )
)
, (6.55b)
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with
D(2)
i¯j¯
:= D(1)γ
(¯i
D(1)
γj¯)
, D(2)αβ := D(1)k¯(α D(1)β)k¯ . (6.56)
The opposite statement also holds. Given an arbitrary left isotwistor superfield T
(n−4)
L (vL),
the superfield Q
(n)
L defined by eq. (6.54) can be shown to satisfy the constraint
D(1)¯iα Q(n)L = 0 . (6.57)
We will call ∆
(4)
L the left projection operator. The derivation of ∆
(4)
L and the proof of
(6.57) are given in Appendix B.
It should be pointed out that the fourth-order operators that appear in the right-hand
sides of (6.55a) and (6.55b) are related to each other as follows:
D(2)k¯l¯D(2)
k¯l¯
= −D(2)αβD(2)αβ − 8iS(2)k¯l¯D(2)k¯l¯ − 8iB(2)αβD
(2)
αβ − 16i(D(1)αk¯ S(2)k¯l¯)D
(1)
αl¯
. (6.58)
This relation may be rewritten in a slightly different form using the identity
D(1)α
l¯
S(2)k¯l¯ = D(1)k¯β B(2)αβ . (6.59)
Suppose that the left isotwistor superfield T
(n−4)
L in (6.54) has the super-Weyl trans-
formation law
δσT
(n−4)
L =
n− 4
2
σ T
(n−4)
L . (6.60)
Then it can be shown that Q
(n)
L = ∆
(4)
L T
(n−4)
L also transforms homogeneously as
δσQ
(n)
L =
n
2
σ Q
(n)
L , (6.61)
which is the unique homogeneous transformation law compatible with the analyticity of
Q
(n)
L (in accordance with our discussion in the previous subsection).
A simple application of the construction (6.54) is to choose an ordinary (vL-independent)
superfield P in the role of T
(0)
L . Then, Σ
(4)
L := ∆
(4)
L P is a covariant O(4) multiplet. If
P is invariant under the super-Weyl transformations, δσP = 0, then Σ
(4)
L transforms as
δσΣ
(4)
L = 2σΣ
(4)
L .
The above consideration can be extended to the space of right projective multiplets
by making use of the mirror map. The right projection operator ∆
(4)
R proves to be
∆
(4)
R =
1
96
(
(D(2¯)kl − 16iS(2¯)kl)D(2¯)kl − (D(2¯)αβ − 16iC(2¯)αβ)D(2¯)αβ
)
(6.62a)
=
1
96
(
D(2¯)kl(D(2¯)kl − 16iS(2¯)kl )−D(2¯)αβ(D(2¯)αβ − 16iC(2¯)αβ )
)
, (6.62b)
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with
D(2¯)ij := D(1¯)γ(i D(1¯)γj) , D(2¯)αβ := D(1¯)k(α D(1¯)β)k . (6.63)
It can be shown that the fourth-order operators which appear in the right-hand sides of
(6.62a) and (6.62b) are related to each other as follows:
D(2¯)klD(2¯)kl = −D(2¯)αβD(2¯)αβ − 8iS(2¯)klD(2¯)kl − 8iC(2¯)αβD(2¯)αβ − 16i(D(1¯)αk S(2¯)kl)D(1¯)αl . (6.64)
This relation may be rewritten in a slightly different form using the identity
D(1¯)αl S(2¯)kl = D(1¯)kβ C(2¯)αβ . (6.65)
Finally, we can construct a hybrid projection operator. Let T (n−2,m−2)(vL, vR) be a
Lorentz-scalar isotwistor superfield of weight (n−2, m−2). We introduce the second-order
differential operator
∆(2,2) :=
i
4
(
D(2,2) − 4iS(2,2)
)
. (6.66)
It is not difficult to verify that
Q(n,m) := ∆(2,2)T (n−2,m−2) (6.67)
satisfies (6.45), and thus ∆(2,2) maps any isotwistor superfield into a hybrid projective
one. Therefore ∆(2,2) is the hybrid projection operator.
Suppose that the isotwistor superfield T (n−2,m−2) in (6.67) has the super-Weyl trans-
formation law
δσT
(n−2,m−2) =
1
2
(n+m− 2)σ T (n−2,m−2) . (6.68)
Then, it can be shown that the super-Weyl transformation of the hybrid projective mul-
tiplet Q(n,m) := ∆(2,2)T (n−2,m−2) is given by eq. (6.51).
A simple application of the construction (6.67) is to choose an ordinary (i.e., indepen-
dent of vL and vR) superfield P , with the super-Weyl transformation δσP = σP , in the
role of T (0,0). Then, Q(2,2) = ∆(2,2)P = Qij i¯j¯vivjvi¯vj¯ is hybrid projective.
The careful reader could have noticed that the left and right projection operators
∆
(4)
L and ∆
(4)
R have a structure which is formally equivalent to the chiral projector of 4D
N = 2 supergravity [79]. This property is not accidental and will be used in appendix
B. Recently, in the projective superspace approach to 4D N = 2 supergravity, a new
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powerful representation of the chiral projector has been derived [61]. It is interesting
that this recent result similarly holds for ∆
(4)
L and ∆
(4)
R . In particular, it turns out that
in terms of isotwistor superfields one can obtain alternative representations for ∆
(4)
L and
∆
(4)
R . These are
∆
(4)
L
∮
(vR, dvR) T
(n,−2) = − i
4
∮
(vR, dvR)
(
D(2,−2) − 4iS(2,−2)
)
∆(2,2)T (n,−2) , (6.69a)
∆
(4)
R
∮
(vL, dvL) T
(−2,m) = − i
4
∮
(vL, dvL)
(
D(−2,2) − 4iS(−2,2)
)
∆(2,2)T (−2,m) , (6.69b)
with T (n,−2) and T (−2,m) isotwistor superfields of weight (n,−2) and weight (−2, m) re-
spectively, and
D(2,−2) := Dα(1,−1)D(1,−1)α , D(−2,2) := Dα(−1,1)D(−1,1)α , (6.70a)
D(1,−1)α :=
1
(vR, uR)
viui¯Di¯iα , D(−1,1)α :=
1
(vL, uL)
uivi¯Di¯iα , (6.70b)
S(2,−2) := 1
(vR, uR)2
vivjui¯uj¯Siji¯j¯ , S(−2,2) := 1
(vL, uL)2
uiujvi¯vj¯Siji¯j¯ . (6.70c)
Note that the right-hand side of (6.69a) has the following properties: (i) it is independent
of the constant isospinors uR = u
i¯ constrained by the only conditions (vR, uR) 6= 0; and
(ii) it obeys the left analyticity constraint (6.36). The proof of these statement are given
in appendix B. The mirrored results hold for the right-hand side of (6.69b).
Let us conclude by pointing out that the representations (6.69a) and (6.69b) are useful
for applications. The point is that any weight-n left T
(n)
L (vL) and weight-m right T
(m)
R (vR)
isotwistor superfields can be represented in the following integral form:
T
(n)
L (vL) =
∮
(vR, dvR)
2π
T
(n,−2)
L (vL, vR) , T
(m)
R (vR) =
∮
(vL, dvL)
2π
T
(−2,m)
R (vL, vR) , (6.71)
for some isotwistor superfields T
(n,−2)
L (vL, vR) and T
(−2,m)
R (vL, vR) of weights (n,−2) and
(−2, m) respectively.
6.5 Locally supersymmetric actions
A remarkable feature of N = 4 supergravity is that it allows three types of locally
supersymmetric and super-Weyl invariant actions, for which the measure involves inte-
gration over four or six Grassmann variables only.
We introduce three types of real Lagrangians: (i) a left projective superfield L(2)L (z, vL);
(ii) a right projective superfield L(2)R (z, vR); and (iii) a hybrid multiplet L(0,0)(z, vL, vR).
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All the Lagrangians are required to be real with respect to the smile-conjugation. With
the standard notation E−1 = Ber(EAM), our locally supersymmetric and super-Weyl
invariant action principle is given by
S = Sleft + Sright + Shybrid , (6.72a)
Sleft(L(2)L ) =
1
2π
∮
(vL, dvL)
∫
d3x d8θ E C
(−4)
L L(2)L , (6.72b)
Sright(L(2)R ) =
1
2π
∮
(vR, dvR)
∫
d3x d8θ E C
(−4)
R L(2)R , (6.72c)
Shybrid(L(0,0)) = 1
(2π)2
∮
(vL, dvL)
∮
(vR, dvR)
∫
d3x d8θ E C(−2,−2)L(0,0) . (6.72d)
The action involves some model-independent Lorentz-scalar isotwistor superfields C
(−4)
L ,
C
(−4)
R and C
(−2,−2), of which C(−4)L and C
(−4)
R are left and right respectively. These super-
fields are required to be real with respect the smile-conjugation, to have definite super-
Weyl transformation laws and obey special differential equations:
δσC
(−4)
L = −2σC(−4)L , ∆(4)L C(−4)L = 1 ; (6.73a)
δσC
(−4)
R = −2σC(−4)R , ∆(4)R C(−4)R = 1 ; (6.73b)
δσC
(−2,−2) = −σC(−2,−2) , ∆(2,2)C(−2,−2) = 1 . (6.73c)
All the Lagrangians are required to possess uniquely defined homogeneous super-Weyl
transformations
δσL(2)L = σL(2)L , δσL(2)R = σL(2)R , δσL(0,0) = 0 . (6.74)
The super-Weyl invariance of the action follows from the above transformation laws
in conjunction with
δσE = σE . (6.75)
The invariance of the action under the supergravity gauge transformations can be proved
using the same considerations as in the 4D N = 2 case [19, 21].
It turns out that the action does not depend on the kinematic isotwistor superfields
C
(−4)
L , C
(−4)
R and C
(−2,−2), provided the corresponding Lagrangians are independent. To
prove this claim, it suffices to consider the left sector of the action, eq. (6.72b). Let
us represent the corresponding Lagrangian in the form L(2)L = ∆(4)L T (−2)L , for some left
isotwistor superfield T (−2)L . We can now use the fact that ∆(4)L is symmetric, that is for
any left isotwistor superfields Ψ(−n) and Φ(n−6) it holds that∫
d3x d8θ E
∮
(vL, dvL)
{
Ψ(−n)∆(4)L Φ
(n−6) − Φ(n−6)∆(4)L Ψ(−n)
}
= 0 , (6.76)
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as a consequence of the representations (6.55a) and (6.55b). Using this observation and
the representation L(2)L = ∆(4)L T (−2)L introduced above, the action (6.72b) can be brought
to the form
Sleft =
1
2π
∮
(vL, dvL)
∫
d3x d8θ E T (−2)L , (6.77)
which makes manifest the fact that Sleft does not depend on C
(−4)
L .
There is a freedom in the choice of C
(−4)
L , C
(−4)
R and C
(−2,−2). For instance, given a
real left weight-m isotwistor superfield Γ
(m)
L , a real right weight-n isotwistor superfield
Γ
(n)
R and a real hybrid weight-(p, q) isotwistor superfield Γ
(p,q), we may define C
(−4)
L , C
(−4)
R
and C(−2,−2) as
C
(−4)
L =
Γ
(m)
L
∆
(4)
L Γ
(m)
L
, C
(−4)
R =
Γ
(n)
R
∆
(4)
R Γ
(n)
R
, C(−2,−2) =
Γ(p,q)
∆(2,2)Γ(p,q)
. (6.78)
Then the differential equations in (6.73a)–(6.73b) are satisfied. To respect the super-Weyl
transformation laws in (6.73a)–(6.73c), the superfields Γ
(m)
L , Γ
(n)
R and Γ
(p,q) should trans-
form as δσΓ
(m)
L = (m/2)σΓ
(m)
L , δσΓ
(n)
R = (n/2)σΓ
(n)
R and δσΓ
(p,q) = [(p+ q + 2)/2)]σΓ(p,q).
It is natural to put forward an additional requirement that the action be invariant
under the mirror transformation. It is satisfied under the following conditions: (i) the
Lagrangians L(2)L and L(2)R are the mirror images of each other; (ii) the Lagrangian L(0,0)
is mirror invariant; (iii) C
(−4)
L and C
(−4)
R are the mirror images of each other; (iv) C
(−2,−2)
is mirror invariant. If the kinematic factors are chosen as in (6.78), the conditions (iii)
and (iv) imply m = n and p = q.
The simplest way to generate C
(−4)
L and C
(−4)
R is to use ordinary real scalar superfields
PL(z), PR(z) and P (z) and choose
C
(−4)
L =
PL
∆
(4)
L PL
, C
(−4)
R =
PR
∆
(4)
R PR
, C(−2,−2) =
P
∆(2,2)P
. (6.79)
In order to guarantee the fulfillment of the super-Weyl transformation laws in (6.73a)–
(6.73c), the superfields PL, PR and P must transform as
δσPL = δσPR = 0 , δσP = σP . (6.80)
The transformation of P is similar to that appearing in the N = 3 case. If the action is
chosen to be mirror invariant, then PL = PR.
In complete analogy with our four-dimensional analysis given in [19], it is of interest to
give flat superspace versions of the actions (6.72b)–(6.72d). In the flat superspace limit,
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the dependence on the compensating superfields C
(−4)
L , C
(−4)
R and C
(−2,−2) can be seen to
drop out. The actions (6.72b) and (6.72c) reduce to
Sleft(L
(2)
L ) =
1
2π
∮
(vL, dvL)
∫
d3xD
(−4)
L L
(2)
L
∣∣∣
θ=0
, (6.81a)
Sright(L
(2)
R ) =
1
2π
∮
(vR, dvR)
∫
d3xD
(−4)
R L
(2)
R
∣∣∣
θ=0
, (6.81b)
with L
(2)
L , L
(2)
R and L
(0,0) the flat-superspace versions of the Lagrangians in (6.72b)–(6.72d).
Here we have introduced two fourth-order operators, D
(−4)
L and D
(−4)
R , defined in terms
of the flat covariant derivatives Di¯iα , specifically
D
(−4)
L :=
1
48
D(−2)k¯l¯D(−2)
k¯l¯
, D
(−2)
k¯l¯
:= D
(−1)γ
k¯
D
(−1)
γl¯
, D(−1)¯iα :=
ui
(vL, uL)
Di¯iα ; (6.82a)
D
(−4)
R :=
1
48
D(−2¯)ijD(−2¯)ij , D
(−2¯)
ij := D
(−1¯)γ
i D
(−1¯)
γj , D
(−1¯)i
α :=
ui¯
(vR, uR)
Di¯iα . (6.82b)
The functionals (6.81a) and (6.81b) are the 3D versions [33] of the 4D projective-superspace
action [23]. The flat-superspace limit of the hybrid action (6.72d) is
Shybrid(L
(0,0)) =
1
(2π)2
∮
(vL, dvL)
∮
(vR, dvR)
∫
d3xD
(−2,−2)
H L
(0,0)
∣∣∣
θ=0
. (6.83)
where
D
(−2,−2)
H := −
i
64
(Dα(−1,−1)D(−1,−1)α )(D
β(1,−1)D(1,−1)β )(D
γ(−1,1)D(−1,1)γ ) ,
D(−1,−1)α :=
uiui¯
(vL, uL)(vR, uR)
Di¯iα , (6.84)
D(1,−1)α :=
viui¯
(vR, uR)
Di¯iα , D
(−1,1)
α :=
uivi¯
(vL, uL)
Di¯iα .
The hybrid action (6.83) proves to be invariant under two types of projective transforma-
tions, left and right ones. The left transformations have the form:
(uL , vL) → (uL , vL)F , F =
(
a 0
b c
)
∈ GL(2,C) . (6.85)
The right projective transformations are defined similarly. Since {Di¯iα , Djj¯β } ∝ ∂αβ , the
left/right actions (6.81a) and (6.81b) generate two derivatives at the component level,
while the hybrid action (6.83) gives rise to three derivatives. To the best of our knowledge,
the hybrid projective action has been presented here for the first time.
The flat-superspace hybrid action (6.83) can also be rewritten in the following forms:
Shybrid(L
(0,0)) = Sleft(L
(2)
L ) , L
(2)
L :=
i
8π
∮
(vR, dvR)D
α(1,−1)D(1,−1)α L
(0,0) ; (6.86a)
Shybrid(L
(0,0)) = Sright(L
(2)
R ) , L
(2)
R :=
i
8π
∮
(vL, dvL)D
α(−1,1)D(−1,1)α L
(0,0) . (6.86b)
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6.6 Vector multiplet prepotentials
The field strengths of two inequivalent vector multiplets are described by left and right
linear multiplets, W
(2)
L and W
(2)
R subject to the constraints (6.24a) and (6.24b). These
constraints can be solved in terms of covariant weight-zero tropical multiplets. It suffices
to restrict our analysis to the right linear multiplets W
(2)
R = W
i¯j¯vi¯vj¯ .
A general solution to the constraint (6.24b) is
W
(2)
R (vR) =
i
4
(
D(2¯)ij − 4iS(2¯)ij
)∮ (vL, dvL)
2π
uiuj
(vL, uL)2
VL(vL) , (6.87)
where VL(vL) is a left tropical multiplet of weight zero. The right-hand side of (6.87)
involves a constant isospinor uL = u
i constrained by the only condition (vL, uL) 6= 0. It
can be shown that (6.87) is invariant under an arbitrary infinitesimal variation of uL, that
is δuL = αuL + βvL, with α, β ∈ C. Thus W (2)R (vR) is independent of uL.
The relation (6.87) demonstrates a remarkable interplay between left and right pro-
jective multiplets. The left-hand side of (6.87) is the right O(2) multiplet W (2)R , while the
right-hand side is given in term of the left tropical prepotential VL. The above result can
be represented in a slightly different form:
W i¯j¯ =
i
4
∮
(vL, dvL)
2π
(
D(−2)¯ij¯ − 4iS(−2)¯ij¯
)
VL(vL) . (6.88)
This representation can be used to show thatW i¯j¯ is invariant under gauge transformations
δVL = λL + λ˘L , (6.89)
where the gauge parameter λL is an arbitrary left arctic multiplet of weight zero.
Let us represent VL in terms of an unconstrained left isotwistor superfield T
(−4)
L (vL),
VL(vL) = ∆
(4)
L T
(−4)
L (vL) , (6.90)
with the super-Weyl transformation law
δσT
(−4)
L = −2σT (−4)L . (6.91)
As remarked at the end of subsection 6.4, a left isotwistor superfield T
(−4)
L (vL) can be
represented in terms of a weight-(−4,−2) isotwistor superfield T (−4,−2)L (vL, vR) through
the integral equation (6.71). It then appears that (6.87) is equivalent to
W
(2)
R (vR) ≡ ∆(4)R
∮
(vL, dvL)
2π
∮
(vˆR, dvˆR)
2π(vR, vˆR)2
∆(2,2ˆ)T
(−4,−2)
L (vL, vˆR) , (6.92)
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with the operator ∆(2,2ˆ) given by
∆(2,2ˆ) :=
i
4
vivj vˆi¯vˆj¯
(
Dαi¯iDjj¯α − 4iSiji¯j¯
)
. (6.93)
In the form of equation (6.92) it becomes manifest that W
(2)
R (vR), originally defined by
(6.87), satisfies the right analyticity constraint.
The proof of (6.92) is achieved in few steps. By using (6.90), (6.71) and (6.69a), the
relation (6.87) can be equivalently written as
W
(2)
R (vR) = −
∮
(vL, dvL)
2π
∮
(vˆR, dvˆR)
2π
∆(−2,2)∆(2,−2ˆ)∆(2,2ˆ) T (−4,−2)L (vL, vˆR) . (6.94)
Here we have introduced the operators
∆(−2,2) :=
i
4
uiuj
(vL, uL)2
(
D(2¯)ij − 4iS(2¯)ij
)
, ∆(2,−2ˆ) :=
i
4
uˆi¯uˆj¯
(vˆR, uˆR)2
(
D(2)¯ij¯ − 4iS(2)¯ij¯
)
. (6.95)
In (6.94) we have the freedom to choose15 uˆR = vR and obtain
W
(2)
R (vR) = −
∮
(vL, dvL)
2π
∆(−2,2)∆(2,2)
∮
(vˆR, dvˆR)
2π(vˆR, vR)
∆(2,2ˆ) T
(−4,−2)
L (vL, vˆR) . (6.96)
Now, making use of eq. (6.69b), we readily arrive at (6.92).
6.7 Poincare´ supergravity
To describe N = 4 Poincare´, we need two compensators coupled to conformal super-
gravity. In the role of compensators we can choose a left linear multiplet W ij and a right
linear multiplet W i¯j¯ such that
WL :=
√
W ijWij 6= 0 , WR :=
√
W i¯j¯Wi¯j¯ 6= 0 . (6.97)
These scalar superfields are characterized by the super-Weyl transformation laws
δσWL = σWL , δσWR = σWR . (6.98)
These scalars turn out to have interesting properties. The superfield WL satisfies the
equation (
Dk(¯iα Dj¯)βk − 4iC i¯j¯αβ
)
(WL)
−1 = 0 , (6.99)
15We assume that the contour integral in the isotwistor variable vˆR is such that (vˆR, vR) 6= 0.
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which can be derived using the identity
D(k¯αkD l¯)βlWij = −
1
6
εαβεk(iεj)lDγ(k¯p D l¯)γqW pq − 4iC k¯l¯αβWk(iεj)l + 2iεαβSklk¯l¯Wij
−2iεαβSij k¯l¯Wkl − 2iεαβεklS(ipk¯l¯Wj)p . (6.100)
Similarly one can derive the equation(
D(ik¯α Dj)βk¯ − 4iBijαβ
)
(WR)
−1 = 0 . (6.101)
Poincare´ supergravity is described by two Lagrangians, left and right ones, which can
be chosen as
L(2)SUGRA,left =
1
κ2
W
(2)
L ln
W
(2)
L
iΥ
(1)
L Υ˘
(1)
L
+
ξL
κ2
VLW
(2)
L , (6.102a)
L(2)SUGRA,right =
1
κ2
W
(2)
R ln
W
(2)
R
iΥ
(1)
R Υ˘
(1)
R
+
ξR
κ2
VRW
(2)
R . (6.102b)
Here VL is the tropical prepotential for W
(2)
R , see equation (6.87), while VR is the tropical
prepotential for W
(2)
L , in particular
W
(2)
L (vL) =
i
4
(
D(2)¯ij¯ − 4iS(2)¯ij¯
)∮ (vR, dvR)
2π
ui¯uj¯
(vR, uR)2
VR(vR) . (6.103)
The action is invariant under left and right gauge transformations, the left one being
given by eq. (6.89). The cosmological term is described by two BF-couplings. Using the
representation (6.92), it can be shown that the action does not change if the BF coupling
constants are modified as
ξL → ξL + a , ξR → ξR − a , (6.104)
for any real constant a. Moreover, using eq. (6.92), integration by parts and the relations
(6.69a)–(6.69b), the reader can prove the following important results:
Sleft(VLW
(2)
L ) = Sright(VRW
(2)
R ) = −Shybrid(VLVR) . (6.105)
Note that the freedom (6.104) is absent if the theory is required to be mirror invariant,
for then ξL = ξR ≡ ξ/2.
There exists a dual off-shell formulation for Poincare´ supergravity with two compen-
sators, a vector multiplet and a hypermultiplet. Let us use the freedom (6.104) to set
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ξR = 0,
L(2)SUGRA,left =
1
κ2
W
(2)
L ln
W
(2)
L
iΥ
(1)
L Υ˘
(1)
L
+
ξ
κ2
VLW
(2)
L =
1
κ2
W
(2)
L ln
W
(2)
L
iΥ
(1)
L e
−ξVLΥ˘(1)L
, (6.106a)
L(2)SUGRA,right =
1
κ2
W
(2)
R ln
W
(2)
R
iΥ
(1)
R Υ˘
(1)
R
. (6.106b)
The left model (6.106a) can now be dualized in the same fashion as it was done in
subsection 5.6. As a result, we arrive at the following formulation
L(2)SUGRA,left = −
i
κ2
Υ˘
(1)
L e
−ξVLΥ(1)L , (6.107a)
L(2)SUGRA,right =
1
κ2
W
(2)
R ln
W
(2)
R
iΥ
(1)
R Υ˘
(1)
R
. (6.107b)
The theory is invariant under the gauge transformations (6.89) provided the hypermulti-
plet transforms as
δΥ
(1)
L = ξλΥ
(1)
L . (6.108)
In the case of supergravity without cosmological term, ξ = 0, we can also dualize W
(2)
R
into a right weight-one arctic multiplet Υ
(1)
R and its conjugate Υ˘
(1)
R .
It is instructive to see explicitly how the compensators can be used to obtain Poincare´
supergravity from the conformal one by a process known as “de-gauging” [49] (or, equiva-
lently, fixing the conformal gauge). We will use the formulation with two vector multiplets,
left and right ones, as the compensators. First of all, we note that the super-Weyl freedom
can be completely fixed by choosing the gauge condition
WL = 1 . (6.109)
Let wij denote the field strength Wij in this gauge. An important observation is that,
because the superfield wij is analytic D(i¯iα wkl) = 0, from Di¯iα(wklwkl) = 0 one can obtain
that wij is annihilated by the spinor covariant derivatives,
Di¯iαwkl = 0 . (6.110)
This condition implies nontrivial constraints on the geometry. In particular, the consis-
tency condition
0 = {Di¯iα ,Djj¯β }wkl = 2iεijεi¯j¯(γc)αβDcwkl + 2iεαβεi¯j¯(2S +X)(εk(iwj)l + εl(iwj)k)
−4iεαβεijS(kpi¯j¯wl)p + 4iCαβi¯j¯(εk(iwj)l + εl(iwj)k) (6.111)
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is equivalent to
Dawkl = 0 , X = −2S , Siji¯j¯ = wijS i¯j¯ , C i¯j¯αβ = 0 , (6.112)
for some right O(2) multiplet S i¯j¯ ,
Di(¯iα S j¯k¯) = 0 . (6.113)
As a result, wij is covariantly constant in the super-Weyl gauge (6.109). All the relations
in (6.112) and (6.113) are artifacts of the same super-Weyl gauge fixing. The algebra of
covariant derivatives reduces to
{Di¯iα ,Djj¯β } = 2iεijεi¯j¯Dαβ − 2iεαβεijS i¯j¯wklLkl + 8iεαβεijSRi¯j¯ − 2iεαβεi¯j¯wijS k¯l¯Rk¯l¯
+4iBαβ
ijRi¯j¯ + 2iεαβε
i¯j¯BγδijMγδ − 4iwijS i¯j¯Mαβ − 4iεijεi¯j¯SMαβ .(6.114)
It is clear that the super-Weyl gauge condition has broken the mirror symmetry. The
structure group is still SL(2,R) × SU(2)L × SU(2)R. However, the SU(2)L curvature
can be seen to take its values in a one-dimensional subalgebra of su(2) generated by
wklLkl. Therefore, the SU(2)L gauge freedom can be partially fixed by choosing the
SU(2)L connection as
(ΦL)A = ΦAL , L := w
klLkl . (6.115)
As a result, in the left sector we stay with a residual gauge group U(1)L ⊂ SU(2)L
generated by L. The condition of covariant constancy, DAwij = 0, now means that wij is
constant, ∂Mw
ij = 0.
Using the second compensator, W i¯j¯ , allows us to partially fix the gauge group SU(2)R
by imposing a condition W i¯j¯ ∝ δ i¯j¯, in complete analogy with 4D N = 2 supergravity [32].
In this gauge, we stay with a residual local group U(1)R ⊂ SU(2)R.
6.8 Dynamical systems
All the N = 3 locally supersymmetric sigma-models considered in subsection 5.7
can be readily generalized to off-shell N = 4 theories described by either left projective
multiplets or right ones. The nontrivial new feature of N = 4 supersymmetry is that it
allows off-shell couplings that mix left and right projective multiplets. To illustrate this
idea, it suffices to consider dynamical systems involving left and right vector multiplets.
Consider several vector multiplets described by right tropical prepotentials V
(0¯)
I and
left tropical prepotential V
(0)
I¯
, and let W
(2)
I and W
(2¯)
I¯
be the corresponding left and
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right O(2) field strengths. A gauge-invariant action functional is generated by three
Lagrangians (left, right and hybrid) of the form:
L(2)L = FL(W (2)I ) +mIJ¯W (2)I V (0)J¯ , mIJ¯ = (mIJ¯)∗ = const (6.116a)
L(2)R = FR(W (2¯)I¯ ) +mI¯JW
(2¯)
I¯
V
(0¯)
J , m
I¯J = (mI¯J)∗ = const (6.116b)
L(0,0) = H(W 2)I ,W (2¯)J¯ ) + µIJ¯V
(0¯)
I V
(0)
J¯
, µIJ¯ = (µIJ¯)∗ = const . (6.116c)
The kinetic terms should obey the following homogeneity conditions:
W
(2)
I
∂
∂W
(2)
I
FL = FL , (6.117a)
W
(2¯)
I¯
∂
∂W
(2¯)
I¯
FR = FR , (6.117b)
(
W
(2)
I
∂
∂W
(2)
I
+W
(2¯)
J¯
∂
∂W
(2¯)
J¯
)
H = 0 . (6.117c)
The m- and µ-terms in (6.116a)–(6.116c) are three different forms of the BF couplings.
7 Conclusion
As is well known, off-shell supergravity-matter couplings in diverse dimensions may
be conveniently derived starting from a superconformal perspective. In this paper we
have developed the superspace geometry of N -extended conformal supergravity in three
space-time dimensions. Using this geometric setup, we have constructed general off-
shell supergravity-matter couplings for N ≤ 4. In the most interesting and previously
unexplored cases N = 3 and N = 4, we have proposed new off-shell supermultiplets
coupled to conformal supergravity, in terms of which both the supergravity and matter
actions are given.
It should be emphasized that the conventional constraints on N -extended superspace
geometry, eqs. (2.13a)–(2.13c), were introduced fifteen years ago in [48]. However, the
corresponding Bianchi identities were not been solved by Howe et al. Moreover, the issue
of constructing supergravity-matter couplings or even a superfield supergravity action in
the case N = 3, 4 was not addressed in [48].
Our approach to the three-dimensional N = 3 , 4 supergravity theories is a natural
extension of the projective-superspace formulations for general 5D N = 1 and 4D N = 2
supergravity-matter theories which were developed in [17, 18, 19, 20, 21]. More specifically,
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this is true for N = 3 supergravity. In the N = 4 case, however, we have discovered a
new theoretical phenomenon as compared with the situation in higher dimensions. It is
the existence of three types of covariant off-shell projective supermultiplets (left, right
and hybrid ones) in terms of which the general matter couplings are constructed.
In this paper, the supergravity-matter couplings are formulated using superspace and
superfields. Of course, many applications require a reformulation in terms of component
fields. In four dimensions, techniques have been developed [61, 68, 78] to reduce the 4D
N = 2 supergravity-matter actions of [19, 20, 21] to components. Similar techniques
can be developed in three dimensions for the theories constructed above. This issue of
component reduction will be addressed in a separate publication.
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A Notation and conventions
Our conventions for spinors in three space-time dimensions (3D) are compatible with
the 4D two-component spinor formalism used in [80, 81]. More specifically, the starting
point for setting up our 3D spinor formalism is the 4D sigma-matrices
(σm)α
.
β
:= (1, ~σ) , (σ˜m)
.
αβ := (1,−~σ) , m = 0, 1, 2, 3 , (A.1)
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where ~σ = (σ1, σ2, σ3) are the Pauli matrices. By deleting the matrices with space index
m = 2 we obtain the 3D gamma-matrices
(σm)α
.
β
−→ (γm)αβ = (γm)βα = (1, σ1, σ3) , (A.2a)
(σ˜m)
.
αβ −→ (γm)αβ = (γm)βα = εαγεβδ(γm)γδ , (A.2b)
where the spinor indices are raised and lowered using the SL(2,R) invariant tensors
εαβ =
(
0 −1
1 0
)
, εαβ =
(
0 1
−1 0
)
, εαγεγβ = δ
α
β (A.3)
as follows:
ψα = εαβψβ , ψα = εαβψ
β . (A.4)
By construction, the matrices (γm)αβ and (γm)
αβ are real and symmetric. Using the
properties of the 4D sigma-matrices, we can immediately read off the properties of the
3D gamma-matrices. In particular, for the matrices
γm := (γm)α
β = εβγ(γm)αγ (A.5)
we readily obtain the relations
{γm, γn} = 2ηmn1 , (A.6a)
γmγn = ηmn1 + εmnpγ
p , (A.6b)
where the 3D Minkowski metric is ηmn = η
mn = diag(−1, 1, 1), and the Levi-Civita tensor
is normalized as ε012 = −ε012 = −1. As usual, the 3D vector indices are labeled by values
m = 0, 1, 2. Some useful relations involving γ-matrices are
(γa)αβ(γa)γδ = 2εα(γεδ)β , (A.7a)
εabc(γ
b)αβ(γ
c)γδ = εγ(α(γa)β)δ + εδ(α(γa)β)γ , (A.7b)
tr[γaγbγcγd] = 2ηabηcd − 2ηacηdb + 2ηadηbc . (A.7c)
Given a three-vector Vm, it can equivalently be realized as a symmetric spinor Vαβ =
Vβα. The relationship between Vm and Vαβ is as follows:
Vαβ := (γ
a)αβVa = Vβα , Va = −1
2
(γa)
αβVαβ . (A.8)
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In three-dimensions an antisymmetric tensor Fab = −Fba is Hodge-dual to a three-vector
Fa, specifically
Fa =
1
2
εabcF
bc , Fab = −εabcF c . (A.9)
Then, the symmetric spinor Fαβ = Fβα, which is associated with Fa, can equivalently be
defined in terms of Fab:
Fαβ := (γ
a)αβFa =
1
2
(γa)αβεabcF
bc . (A.10)
These three algebraic objects, Fa, Fab and Fαβ , are in one-to-one correspondence to each
other, Fa ↔ Fab ↔ Fαβ. The corresponding inner products are related to each other as
follows:
−F aGa = 1
2
F abGab =
1
2
F αβGαβ . (A.11)
Let Mab = −Mba be the Lorentz generators. They act on a vector Va as
MabVc = 2ηc[aVb] , (A.12)
and on a spinor ψα as
Mabψα = 1
2
εabc(γ
c)α
βψβ . (A.13)
In accordance with (A.8)–(A.10), the Lorentz generators can also be realized as the vector
Ma or the symmetric spinor Mαβ such that
Maψα = −1
2
(γa)α
βψβ , Mαβψγ = εγ(αψβ) . (A.14)
As is clear from the explicit form of the γ-matrices, we are using a Majorana representation
in which all the γ-matrices are real, and any Majorana spinor ψα is real,
(ψα)∗ = ψα , (ψα)∗ = ψα . (A.15)
In this paper we often make use of the group isomorphisms SO(3) ∼= SU(2)/Z2 and
SO(4) ∼= (SU(2)L × SU(2)R)/Z2 in order to convert each SO(3) and SO(4) vector index
into a pair of SU(2) ones. In the case of SO(4), the R-symmetry group of N = 4
supersymmetry, we first introduce the following Σ-matrices
(ΣI)i¯i = (1, iσ1, iσ2, iσ3) , I = 1, · · · , 4 , i = 1, 2 , i¯ = 1¯, 2¯ (A.16)
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which can be compared to the 4D Minkowski-space σ-matrices (A.1). The index I is an
SO(4) vector one, while the indices i and i¯ are, respectively, SU(2)L and SU(2)R spinor
indices. Under complex conjugation the Σ-matrices satisfy the reality property(
(ΣI)i¯i
)∗
= (ΣI)
i¯i = εijεi¯j¯(ΣI)jj¯ . (A.17)
Given SU(2)L and SU(2)R spinors ψi and χi¯, respectively, we raise and lower their indices
by using the antisymmetric tensors εij, εij and ε
i¯j¯ , εi¯j¯ (ε
12 = ε21 = ε
1¯2¯ = ε2¯1¯ = 1) according
to the rules:
ψi = εijψj , ψi = εijψ
j , χi¯ = εi¯j¯χj¯ , χi¯ = εi¯j¯χ
j¯ . (A.18)
For practical calculations, it is useful to introduce the τ -matrices
(τI)i¯i :=
1√
2
(ΣI)i¯i (A.19)
which have the following properties:
(τ(I)ij¯(τJ))
jj¯ =
1
2
δIJδ
j
i , (τ(I)ji¯(τJ))
jj¯ =
1
2
δIJδ
j¯
i¯
, (A.20a)
(τI)i¯i(τ
I)jj¯ = εijεi¯j¯ , (τI)i¯i(τJ)
i¯i = δIJ . (A.20b)
It is the τ -matrices which are used in the paper to convert each SO(4) vector index to a
pair of isospinor ones, I → i¯i. Associated with an SO(4) vector AI is the second-rank
isospinor Ai¯i defined by
Ai¯i := (τI)i¯iA
I ←→ AI = (τI)i¯iAi¯i . (A.21)
With the normalization chosen for the τ -matrices, it holds that
δJI → δji δj¯i¯ , AIBI = Ai¯iB i¯i . (A.22)
In the case of N = 3 supersymmetry, the R-symmetry group is SO(3) ∼= SU(2)/Z2.
The corresponding Σ-matrices are
(ΣI)ij = (1, iσ1, iσ3) = (ΣI)ji , I = 1, 2, 3 , i, j = 1, 2 . (A.23)
They are obtained from the SO(4) Σ-matrices, eq. (A.16), by removing (Σ3)i¯i. The
remaining matrices (ΣI)ij are symmetric in i, j. The symmetric τ -matrices are defined as
(τI)ij :=
1√
2
(ΣI)ij = (τI)ji. Their properties are
(τI)ij(τ
I)kl = −εi(kεl)j , (τI)ij(τJ)ij = δIJ . (A.24)
More relations involving N = 3, 4 isospinors are described in the main body of the
paper.
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B Derivation of the left projection operator
In this Appendix we derive the left covariant projection operator ∆
(4)
L used in subsec-
tion 6.4. The expression for the right covariant projection operator ∆
(4)
R follows using the
mirror map.
The covariant projector operator is a fourth order differential operator ∆
(4)
L such that
given any weight-(n− 4) left isotwistor superfield U (n−4)L ,
Q
(n)
L = ∆
(4)
L U
(n−4)
L (B.1)
is a weight-n projective superfield. The projector will be of the form
∆
(4)
L =
1
48
(
D(2)¯ij¯D(2)
i¯j¯
+ · · ·
)
, D(2)¯ij¯ := D(1)γ(¯iD(1)j¯)γ , (B.2)
with the first term being the flat superspace limit and the dots denoting curvature depen-
dent terms. A systematic, albeit time consuming, way to construct the full projector is
to act with D(1)¯iα on D(2)j¯k¯D(2)j¯k¯ ; the result is a function of curvature terms and covariant
derivatives which vanish in the flat limit. One then iteratively adds curvature dependent
terms to complete D(2)¯ij¯D(2)
i¯j¯
to the full ∆
(4)
L . Instead, we use a short cut and derive the
projector using known results together with some simple observations. Let us list the
steps:
(i) A crucial observation is that, when acting on weight-n left isotwistor superfields,
eventually carrying also Lorentz and SU(2)R indices, the algebra of D(1)¯iα derivatives (6.13)
becomes as follows
{D(1)¯iα ,D(1)j¯β }U (n)γ1···γp k¯1···k¯q =
(
− 2iεαβεi¯j¯S(2) k¯l¯Rk¯l¯ + 4iB(2)αβRi¯j¯ − 4iS(2) i¯j¯Mαβ
+ 2iεαβε
i¯j¯B(2)γδMγδ
)
U (n)γ1···γp k¯1···k¯q . (B.3)
(ii) We next note an analogue to the superspace geometry of 4D, N = 2 conformal
supergravity as formulated in [49], where the structure group is SL(2,C)×U(2). When
acting on a superfield Uα1···αp i1···iq with p undotted spinor indices and q SU(2) indices, the
undotted spinor covariant derivatives algebra reduces to16
{Diα,Djβ}Uα1···αp i1···iq =
(
2εαβε
ijSklJkl + 4YαβJ
ij + 4SijMαβ
+ 2εαβε
ijY γδMγδ
)
Uα1···αp i1···iq . (B.4)
16We use the 4D notations and the algebra of [21].
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Here, Mαβ , M¯α˙β˙ are the 4D Lorentz generators in spinor notations and J
ij is the SU(2)
generator.17 Some relevant dimension-3/2 Bianchi identities are
D(iαSjk) = Di(αYβγ) = 0 , DiαSij +Dβj Yβα = 0 . (B.5)
(iii) Since the action on spinor and isospinor indices of the 3D generators Mαβ and
Ri¯j¯, see eqs. (2.8b) and (6.9), are formally equivalent to the ones of Mαβ and Jij, the 3D
{D(1)¯iα ,D(1)j¯β } algebra in (B.3) becomes equivalent to the {Diα,Djβ} algebra in (B.4) if we
identify
Diα ↔ D(1)¯iα , Sij ↔ −iS(2)i¯j¯ , Yαβ ↔ iB(2)αβ . (B.6)
This correspondence holds also at higher mass-dimensions due to the 3D dimension-3/2
Bianchi identities
D(1)
α(¯i
S(2)
j¯k¯)
= D(1)¯i(α B(2)βγ) = 0 , −D(1)j¯α S(2)i¯j¯ +D(1)βi¯ B(2)αβ = 0 . (B.7)
(iv) The antichiral projector in 4D N = 2 supergravity [79, 61] is
∆4 =
1
96
(
(Dij + 16Sij)Dij − (Dαβ − 16Y αβ)Dαβ
)
, (B.8a)
=
1
96
(
Dij(Dij + 16Sij)−Dαβ(Dαβ − 16Yαβ)
)
, (B.8b)
with
Dij := Dγ(iDγj) , Dαβ := Dk(αDβ)k . (B.9)
From the previous discussion it follows that we may now find the left projection operator
(6.55a), (6.55b) using the identifications (B.6) in (B.8a), (B.8b).
Another important property of the left projection operator is (6.60)–(6.61). To show
those equations we use the super-Weyl transformation rules of the D(1)¯iα derivatives (6.41)
along with those of the dimension-1 superfields S(2)¯ij¯ and B(2)αβ , as well as the transforma-
tion rules of the following dimension-3/2 superfield T (3)¯iα
T (3)¯iα := vivjvkT ijki¯α = −
1
3
D(1)
αj¯
S(2)¯ij¯ = 1
3
D(1)βi¯B(2)αβ , (B.10a)
D(1)¯iα S(2)j¯ k¯ = 2T (3)(j¯α εk¯)¯i , D(1)¯iα B(2)βγ = 2εα(βTγ)(3)¯i . (B.10b)
17Note that for this sector of the geometry the U(1) generator never appears and we can forget about
it in our considerations.
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We have
δσS(2)i¯j¯ = σS(2)i¯j¯ −
i
4
(D(2)
i¯j¯
σ) , δσB
(2)
αβ = σB
(2)
αβ +
i
4
(D(2)αβσ) , (B.11)
and
δσT (3)¯iα =
3
2
σT (3)¯iα +
i
12
(D(1)
αj¯
D(2)¯ij¯σ)− 2
3
S(2)¯ij¯(D(1)
αj¯
σ) , (B.12a)
=
3
2
σT (3)¯iα +
i
12
(D(1)βi¯D(2)αβσ)−
2
3
B
(2)
αβ (D(1)βi¯σ) . (B.12b)
To check eq. (6.61), the reader may also use the following equation
D(1)j¯α D(2)i¯j¯ U (n−4)L =
(
−D(1)β
i¯
D(2)αβ − 8iS(2)i¯j¯ D(1)j¯α − 8iB(2)αβD(1)βk¯
)
U
(n−4)
L , (B.13)
together with (6.58).
We conclude this appendix by proving that the right-hand side of (6.69a) is: (i)
independent of the isospinors uR = u
i¯; and (ii) obeys the left analyticity constraint (6.36).
The derivation is completely analogous to the 4D N = 2 analysis given in appendix C of
[61]. It is instructive, however, to repeat the computation in the 3D N = 4 case.
To prove the independence of (6.69a) from ui¯ it is sufficient to prove its invariance
under infinitesimal projective transformations of the form
ui¯ → ui¯ + δui¯ , δui¯ = α(t) ui¯ + β(t) vi¯(t) . (B.14)
Here the time t is the integration variable of the contour integral. Since both ui¯ and
δui¯ are required to be time-independent, the transformation parameters should obey the
equations:
.
α = β
(
.
vR, uR)
(vR, vR)
,
.
β = −β (
.
vR, uR)
(vR, vR)
. (B.15)
Equation (6.69a) is manifestly invariant under the α-transformations. It remains to check
invariance under β-transformations (B.14). Applying the β-transformation gives
δ
(
D(2,−2) − 4iS(2,−2)
)
∆(2,2)U (n,−2) = − 16β
(vR, uR)
∂
(−2)
R S(2,2)∆(2,2)U (n,−2) . (B.16)
From [61]
β
(
.
vR, vR)
(vR, uR)
∂
(−2)
R V
(n+4,2) = − d
dt
( b
(vR, uR)
V (n+4,2)
)
, (B.17)
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for any isotwistor superfield V (n+4,2) of weight (n + 4, 2), such as (S(2,2)∆(2,2)U (n,−2))
appearing in (B.16). Using this we find that the right hand side of (6.69a) is independent
of uR.
Now let us prove that the right hand side of (6.69a) obeys the left analyticity constraint
(6.36). First of all, consider a weight-(n+2, 0) hybrid superfield P (n+2,0)(z, vL, vR), as for
example the superfield ∆(2,2)U (n,−2). Using the identities
D(1,−1)α
(
D(2,−2) − 4iS(2,−2)
)
P (n+2,0) = 4i(vR, uR)B
(2)
αβDβ(1,−1)∂−2R P (n+2,0)
+2i(vR, uR)(D(1,1)S(2,−2))∂−2R P (n+2,0) , (B.18a)
[D(1,1)α ,D(−2,2)]P (n+2,0) =
(
− 4iB(2)αβDβ(1,−1) − 4i(D(1,−1)α S(2,0))
+∂
(−2)
R
(
4iS(2,2)D(1,−1)α + 2i(D(1,−1)α S(2,2))
))
P (m+2,0) , (B.18b)
one can show that
D(1)
αk¯
(
D(2,−2) − 4iS(2,−2)
)
P (n+2,0) = − uk¯
(vR, uR)
D(1,1)α
(
D(2,−2) − 4iS(2,−2)
)
P (n+2,0)
+vk¯D(1,−1)α
(
D(2,−2) − 4iS(2,−2)
)
P (n+2,0)
D(1)
αk¯
(
D(2,−2) − 4iS(2,−2)
)
P (n+2,0) = 2i∂
(−2)
R
[ uk¯
(vR, uR)
(
− 2S(2,2)D(1,−1)α − (D(1,−1)α S(2,2))
)
+vk
(
2B
(2)
αβDβ(1,−1) + (D(1,1)α S(2,−2))
)]
P (n+2,0) . (B.19)
It is shown in [61] that the right-hand side of the last equation is zero when integrated
over a closed contour. Thus we have shown that
D(1)
αk¯
1
16
∮
(vR, dvR)
(
D(2,−2) − 4iS(2,−2)
)
∆(2,2)U (m,0) = 0 . (B.20)
As a result, the right hand side of (6.69a) indeed obeys the left analyticity constraint
(6.36).
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